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Abstract. We study Liouville fillable contact manifolds with non-zero Rabinowitz Floer 
homology and assign spectral invariants to paths of contactomorphisms. As a consequence 
we prove all such contact manifolds are orderable in the sense of Eliashberg and Polterovich. 
If the contact manifold is in addition periodic or a prequantization space M x for M a 
Liouville manifold, then we construct a contact capacity and define a bi-invariant metric on 
the group of contactomorphisms. This can be used to obtain elements of infinite order in fun- 
damental group of the contactomorphism group. We also deduce the existence of infinitely 
many iterated translated points in the sense of Sandon |Sanl2b) for negative contactomor- 
phisms whose Hofer norm is smaller than the minimal period of a contractible (in the filling) 
Reeb orbit. Finally we prove a general non-squeezing result, which amongst other examples 
in particular recovers the beautiful non-squeezing results from |EKP06| . 



1. Introduction and results 

Suppose (S, ^) is a closed coorieiitable contact manifold. Denote by Conto(S, ^) the identity 
component of the group of contactomorphisms, and denote by 'PConto(S, ^) the set of smooth 
paths of contactomorphisms starting at the identity. The universal cover Conto(S,^) is then 
'PConto(S,^)/ ~, where ~ denotes the equivalence relation of being homotopic with fixed 
endpoints. Suppose a £ Q^{Y!,) is a contact form defining ^, and 0* its Reeb flow. To a path 
Wt}o<t<i S 'PConto(S,^) we can associate its contact Hamiltonian 

hto^t:=a(^j^ipt^ -.^^R, (1.1) 

which uniquely determines the path if. In this article we are be interested in three classes of 
contact manifolds, labelled (A), (B), and (C). See Sections 11.11 and 11.21 below for the other 
two, and Section [2] for precise definitions of the terms involved. 

(A): (S, ^) admits a Liouville filling W such that the Rabinowitz Floer homology RFH^,(S, W) 
is non-zero. 

Theorem 1.1. Suppose (S,^) satisfies Assumption (A). Then there is map c : ■pConto(S,^) 
R with the following properties 

(1) If ip ^ ip then c{ip) = c{tp). Thus c descends to define a map c : Conto(5],,^) R. 

(2) For any T e R, c{t ^ 0*^) = -T and thus c(ids) = 0. 

(3) The map c is Lipschitz continuous with respect to the C^-norm on 'PConto(S, and 
the following triangle inequality is satisfied: 

c((^V) <cM + c(V), (1.2) 
where (pip denotes the path t i— )■ fti^t- 



ORDERABILITY, CONTACT NON-SQUEEZING, AND RFH 



2 



(4) If if is generated by a contact Hamiltonian hf with hf < then c{ip) > 0. Similarly if 
ht > then c{ip) < 0. 

(5) // one only assumes that ht{^pt{x)) < whenever ipt{x) ^ x then one still has c{ip) > 0, 
and moreover c{ip'^~^^) > c{ip'^) for all v G N. However if ht{(pt{x)) > whenever 
(pt{x) 7^ X then in general one only has c{(p) < 0. 

Remark 1.2. Note that in general replacing a with —a changes the sign of the contact Hamil- 
tonian ht- However in general if is Liouville fillable then there is no canonical Liouville 
filling of (E, —a), and thus for our purposes the distinction between positive and negative is 
not arbitrary. A good non-trivial example to bear in mind is E = RP^, with ^ the contact 
structure induced from from the standard contact structure on S^. Then E is Liouville fillable 
with W = T*S'^, and RFH*(Rp3^ r*^^) is infinite dimensional (cf. [ASOOl ICFOTn] V However 
we can also view RP^ as a prequantization space over 5^, which corresponds to replacing a 
with —a. Indeed, in this case the completion W is the total space of 0{2) S'^, as opposed 
to T*S^ which is the total space of 0{-2) 5^ 

We state now several immediate corollaries of Theorem 11.11 and Proposition 11.31 Recall that 
Eliashberg and Polterovich in |EPOO) introduced the concept of orderability of (E, ^) (more 
precisely, of Conto(E,^)) and proved the following characterization |EP001 Section 2.1]: 

Proposition 1.3. (E,^) is non-orderable if and only if there exists a contractible loop ip whose 
contact Hamiltonian ht is strictly positive. 

The following result includes the orderability results of jEKP06) as special cases. 

Corollary 1.4. Suppose (E,,^) satisfies Assumption (A). Then (E,^) is orderable. 

Proof. By Proposition 11.31 it suffices to show that there does not exist a contractible loop 
(p = {^t}t£S^ — CIonto(E,^) with = ipi = ids whose contact Hamiltonian ht is strictly 
positive. Suppose such a loop ip exists. Then part (3) of Theorem 11.11 asserts that c{(p) < 0. 
However c{ip) = c(id2), and by part (1) and (2) of Theorem 11.11 □ 

Corollary 1.5. // (E,^) is non-orderable and Liouville fillable then the Rabinowitz Floer 
homology or the symplectic homology of any its Liouville fillings vanishes. 

The last statement follows as the Rabinowitz Floer homology RFH^,(E, W) vanishes if and 
only if the symplectic homology SH*(VF) vanishes - see |CFO101 IRitl3| . Moreover the non- 
vanishing of the Rabinowitz Floer homology is these days now easy to verify in many cases. 
As an example, take (5'^"'"^, ^st) which is non-orderable |EKP061 Theorem 1.10]. Corollary 
11.51 for E = 5^"~^ has been proved before by Smith - see |Sei06| . 

Corollary 1.6. Suppose (E,^) satisfies Assumption (A). Then if ip is a loop satisfying either 
c{ip) < (e.g. if the contact Hamiltonian ht of ip is strictly positiv^), or if the contact 
Hamiltonian ht satisfies ht{ipt{x)) < whenever ipt{x) ^ x , then ip is of infinite order in 
^i(Conto(E,e)). 

Proof. If c{ip) < then by the triangle inequality one has c{ip'^) < i'c{ip) < 0. Thus ip'^ cannot 
be contractible for any i/ € N . Similarly if ht{ipt{x)) < whenever ipt{x) ^ x then part (5) 
of Theorem 11.11 shows that ip^ can never be contractible for any € N. □ 



Although note if ftt > then the assertion that (p is of infinite order follows directly from orderability. 
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Definition 1.7. Suppose {/ C S is open. We define 



c{U) := sup{c(vp) I G{ip) C U} 



(1.3) 



where S((/?) := IJ, 



'0<t<i 



{x G S I ipt{x) ^ x} denotes the support of 93. 



The quantity c{U) is noi a contact invariant, that is, it is not necessarily the case that 
c{'il>{U)) = c{U) for every ip G Conto(S,^). We will see in Section ll.ll below that if the 
Reeb flow is periodic then it is possible to define a related number c{U) which is a contact 
invariant, and this is where many of applications will lie. Nevertheless, it is still possible to 
extract some interesting information in this setting, as the following result and Proposition 
11.101 below shows. 

Proposition 1.8. Suppose (S,^) satisfies Assumption (A). Then: 

(1) c{U) > for any non-empty open set U, and c(S) = 00. 

(2) If U CV are open sets then 



(3) If U C Ti is an open set with the property that there exists ip G Conto(S,^) with the 
property that 



and thus in particular c{U) < 00. 

Definition 1.9. Let us denote by 

Pvk(5^) a) := inf {T > | 3 a closed contractible (in W) Reeb orbit of a of period T > 0} . 

If there are no contractible closed Reeb orbits we set pw{T,,a) := 00. Following Sandon 
|Sanl2bl Theorem 3.1], we can prove the following result (see Definitions 12.41 12.51 and 12.15] 
for the relevent terms). 

Proposition 1.10. Suppose (S,^) satisfies Assumption (A) and ip G Conto(S,^) satisfies 
&{(p) C U and assume that the contact Hamiltonian ht ofT, satisfies ht{ipt{x)) < whenever 
^t{x) 7^ X. Assume that either: 

(1) One has \\h\\^^^ < piy(i;,a) and c{U) < 00. 

(2) There exists tp G Conto(S,0 with ii){U) n (UeR = ^ "-^^ IIV'II < pH/(S,a). 
Then (/? has infinitely many geometrically distinct iterated translated points which are con- 
tractible in the Liouville filling (W, dX) . 

Remark 1.11. Sandon |Sanl2b| proved this result for S = [R2"+i and S = R^" x for open 
sets U with compact closure. Neither of these examples satisfy Assumption (A) . However our 
proof also works (cf. Corollarv ll.27|) when (S,^) is a prequantization space M x . Taking 
M = IR^" recovers Sandon's result. 



c{U) < c{V). 



(1.4) 




(1.5) 



then for any ip G Conto(S,,^) satisfying ©(v?) C U one has 

< c{ip) < c{iP)+c{ip-^), 



(1.6) 
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If there are no closed contractible Reeb orbits then both Conditions (1) and (2) in Propo- 
sition [1110] are vacuous, and in this case one has that if ip satisfies ht{<ptix)) < whenever 
(pt{x) 7^ X, and &{(p) is contained in an open set U with c{U) < oo , then (p has infinitely 
many geometrically distinct iterated contractible translated points. In fact, if there are no 
contractible closed Reeb orbits then we can prove the following additional result. 

Proposition 1.12. Suppose (S,^) satisfies Assumption (A) and that there are no closed 
contractible Reeb orbits. Then the value of c((/?) depends only on ipi. Thus the map c : 
Conto(S,^) — )• R descends to Conto(S,^). 

Remark 1.13. Let us note that in the presence of contractible Reeb orbits Proposition II . 12] is 
clearly not true. For instance, in the next section we study contact manifolds with periodic 
Reeb flow 0* (see Assumption (B) below). In this case one has 9'^ = ids for each € Z, but 
c{t ^ 6^") = u. 

1.1. Periodic contact manifolds. 

Definition 1.14. A closed coorientable contact manifold (S, ^) is called periodic if there exists 
a contact form a for ^ such that the Reeb flow 9^ of a is 1-periodic 

^1 = ^0 = ids. (1.7) 

In this Section the standing Assumption (B) that we will make is the following strength- 
ening of Assumption (A). 

(B): (S,,^) admits a Liouville filling {W^dX) such that the Rabinowitz Floer homology 
RFH*(S,PF) is non-zero and such that a := A|s is periodic. 

Remark 1.15. Examples of periodic contact manifolds are unit cotangent bundles S*B where 
(7 is a Riemannian metric on B all of whose geodesies are closed (e.g.. B = S"', g the 
round metric). Another class of examples arise by taking prequantization spaces of Liouville 
manifolds. For this, one starts with a Liouville manifold (M, ^7). Then we equip S := M x 5^ 
with the contact form a := 7 + dr. where r is the coordinate on S^. We will study this latter 
setting in depth - see Assumption (C) below. 

An immediate consequence of Corollarv 11.61 is the following. 

Corollary 1.16. Suppose (S,^) satisfies Assumption (B). Then the Reeb flow 9^ is of infinite 
order in 7ri(Conto(5], ^)). 

The key extra piece of information one gains by working with periodic contact manifolds 
is that in this case the spectral numbers are (almost) conjugation invariant. More precisely, 
following Sandon [SanlO] we define a function c : Conto(S,^) — )• Z by 

c{^) := \c{^)] . (1.8) 

Proposition 1.17. Suppose (S,^) satisfies Assumption (B). Thenc is conjugation invariant 
under the natural action o/Conto(S,^) on its universal cover. Moreover c continues to satisfy 
the triangle inequality c{ipilj) < c{(p) + c('i/')- 

Definition 1.18. We define 7 : Conto(S,^) Z>o by 

j{p) := \c{ip)\ + \c{^-')\ , (1.9) 

and 7 : Conto(S,C) — > Z>o by 

7(t?) := inf {7(99) I ^ G C^to(S,e), fi=^]. (1.10) 
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Since Conto(S,,^) is a simple group |RyblO| and 7 ^(0) is a normal subgroup (by conjuga- 
tion invariance of 7), the function 7 induces a bi-invariant metric on Conto(S,^). 

Theorem 1.19. Define 



d^ : Conto(S,0 x Conto(i;,0 ^ 2>0 (l-H) 



hy 




Then d^ is a bi-invariant metric on Conto(S,,^). Similarly if one defines 



: Conto(S, ^ x C^to{T., Z>o (1.13) 



in the same way, but using 7 instead of'j, then d^ is a bi-invariant pseudo-metric on Conto(S, S^) 
whose degeneracy locus is the (possibly empty) set of non-contractible loops ip = {'^t}t&s^ 
Conto(S,^) with c{ip) = c{ip^^) = 0. 

Remark 1.20. Bi-invariants metrics have been defined before by Sandon |SanlO| on IR^" x S"^, 
by Zapolsky |Zapl3| on T*B x and Fraser-Polterovich-Rosen |FPR12) for a certain class 
of periodic contact manifolds and Colin-Sandon ^CS12j for all contact manifolds. It is an 
interesting question what the precise relationship is between their metrics and ours. It is still 
possible to define 7 and 7 under only Assumption (A). Nevertheless in this case d^ is not 
bi-invariant, and 7~^(0) is no longer a normal subgroup of Conto(S,^). 

Remark 1.21. Note that the metric is always unbounded as d^(id, {t 1-^ 0^^*}) = v for any 
€ Z. 

Remark 1.22. Here is an example where the metric d.^ is degenerate. Take S = S"*!^ = T^. 
Let : S ^ E denote the lift of a full rotation of T^. This is a non-contractible loop. Since in 
this case S has no contractible Reeb orbits, Proposition 11.12] implies that c{(p) = c((^^^) = 0, 
and hence d^((^, ids) = 0. 

As in Definition 11.71 we define the quantity c{U) G Z>o for [/ C S open by 



Clearly Proposition 11.81 continues to hold for c, and in particular c{U) > 1 for any non-empty 
open set [/ C S. However the key point is that in this setting we can prove rather more. 
Namely, c is a contact capacity, that is (jl.lSp . a notion that was first introduced by Sandon 
in |Sanl l|. 

Theorem 1.23. Suppose (S,,^) satisfies Assumption (B). Let U CT, be open: 
(1) c is a contact capacity; that is, for all tp G Conto(5],^), one has 



(2) // there exists tp G Conto(S, £) with ip{U) n C/ = then c{U) < c{^p) + c^ip'^) < 00. 

Remark 1.24. Note that part (2) of Theorem 11.231 allows us to slightly improve Proposition 
11.101 Namely, if in Proposition 11.101 if we assume Assumption (B) holds then condition (2) 
can be replaced with the assertion that ip{U) fl C/ = and 11-011 < 1 = p(S, a). 



c{U) := sup {c{ip) \&{ip) CU}. 



(1.14) 



(1.15) 



An application of Theorem 11.231 is the following abstract non-squeezing result. 
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Corollary 1.25. Suppose (S,,^) satisfies Assumption (B). Let U C V C Ti be open sets and 
assume that there exists ip € Conto(S,^) with ip(y) C U. Then 

c{U) = c{V). (1.16) 

In particular, ifc(U) < c{V) then there exists no contact isotopy mapping V into U. 

Proof. Suppose ip is as in the statement of the Corohary. Then by part (2) of Proposition 
11.81 we have c{U) < ciV) and c{{p{V)) < c(U). By part (2) of Theorem 11.231 we also have 
c{(p(y)) = c{V), and hence c(U) = c(y) as claimed. □ 

1.2. Prequantization spaces. Fix a Liouville manifold (M, ^7) (i.e. the completion of Li- 
ouville domain, cf. Definition 12. ip . The prequantization space of M is the contact manifold 
T, := M X , equipped with the contact structure ^ := ker a, where 

a:=7 + (iT, (1.17) 

where r is the coordinate on = R/Z. These contact manifolds are the third type we study 
in this paper: 

(C): (S, ^ = ker C) is a prequantization space T, = M x S^, where (M, ^7) is a Liouville 
manifold, and a = 7 + dr. 

Let Pq denote a torus with a small disc removed, so that OPq = S^. Equip Pq with an exact 
symplectic form dfSo such that /3o|aP(, = dr. Let (P, df3) denote the completion of the Liouville 
domain {PQ,df3o), and consider 

W ■.= M X P, 

equipped with the symplectic form dX where A := 7 + /3. Even though S is periodic, W is not 
a Liouville filling of S, and in fact S does not satisfy either Assumptions (A) or (B) - for 
instance, S is non-compact. Nevertheless, it is still possible to define the Rabinowitz Floer 
homology RFH=k(S, VF), and we prove that 

RFH,(S, W) ^ HF,(M) «) H,(5^ Z2), (1.18) 

where HF*(M) = H"~*(M; Z2) denotes the Hamiltonian Floer homology of M, defined using 
compactly supported Hamiltonians (see Frauenfelder-Schlenk |FS07| ). 

Since the Hamiltonian Floer homology is non-zero, one can associate a spectral number 
cm(/) to any / E Hamc(M, (£7), the universal cover of the group of compactly supported 
Hamiltonian diffeomorphisms (see eg. Schwarz |SchOO| or Frauenfelder-Schlenk |FS07| ) . As 
in the contact case described above, cm can then be used to define a symplectic capacity 
cm{0) for O C M open, by setting 

cm{0) := sup {cA/(/) I ©(/) C O} . (1.19) 

Remark 1.26. The proof that cmH) is invariant under conjugation, that is, CMihfh~^) = 
cm(/) for / G Hamc(M, d'j) and h € Sympg(M, ^7) is immediate, since in this case the action 
spectrum of hfh^^ is the same as the action spectrum of / (see for instance |HZ941 Chapter 
5, Proposition 7]). This in turn immediately implies that cm is a symplectic capacity, that is, 
CAf(/(0)) = ca/(0) for any symplectomorphism / and any open set O C M. 

Going back to S = M x S"^, let us denote by Conto,c(5^) those contactomorphisms if with 
compact support. There is a natural way to lift an element / E Hamc(M, ^7) to obtain an 
element if G Conto,c(5^; 0) '^^ explain. The equation 

f*^_^ = dat, ao = 0, (1.20) 
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determines a smooth compactly supported function at ■ M R. Define : S — )• S by 



One can define the spectral numbers c{ip) for ip G Conto,c(5^;C) iii rnuch the same way as 
before, and the triangle inequality c{ip'ilj) < c{ip) + c{ip) continues to hold, see Section 15.11 
or |FS07 ]. If [/ C S is an open set with compact closure then both Proposition 11.81 and 
Theorem ll.23l also go through in this setting. Note that in this case the metric is again always 
unbounded; this follows from Theorem 11.291 below, since the Hofer norm on Hamc(M, ^7) is 
always unbounded for (M, ^7) a Liouville manifold. Proposition 11.101 goes through without 
changes - in fact since there are no closed contractible Reeb orbits, a stronger result holds. 

Corollary 1.27. Suppose (p G Conto,c(5^)0 ^'^^ assume that ht{ipt{x)) < whenever '^t{x) 7^ 
X. Assume that &{ip) C U for some open set U with compact closure and finite capacity. Then 
ip has infinitely many geometrically distinct iterated contractible translated points. 

In the same vein Proposition [1712] also holds in this setting. Finally, Theorem 1 1 . 1 9 1 also holds, 
provided one works only with elements of Conto,c(S, ^). See Section [5.41 for more information. 
It is important to note that there is no analogue to part (2) of Theorem II. H since the Reeb 
flow 0* is not compactly supported and hence its spectral number is not defined. In Appendix 
A we show how to construct a 'compactly supported Reeb flow' t?* (from the point of view of 
translated points.) However, as proved in Theorem lA.H this compactly supported Reeb flow 
has c(i?^) = whenever T > 0, which suggests that there is no sensible definition of c{ip) for 
non-compactly supported contactomorphisms ip. The following corollary is immediate from 
part (2) of Proposition 11.81 

Corollary 1.28. If U dT, is an open set with compact closure such that the projection O := 
pr]^(f7) is displaceahle in M, that is, there exists f G Hamc(M, ^7) such that fi{0) ("10 = 0. 
Then for any ^ G Conto,c(S,^) with ©(■0) C U one has 



where ip denotes the lift of f defined in \1.21\i . In particular, if M = R^" (where every compact 
set is displaceahle) then c{'>p) > for all Tp G Conto,c([R^" x S^,^). 

It is natural to ask the question: ip £ Conto,c(5^, the lift of / G Hamc(M, ^7), how is 
c{ip) related to CM{f)'^ Note that &{ip) = ©(/) x S^, and hence another question is how the 
Cm capacity of C C M is related to the c capacity of O x 5^. The following result answers 
these questions in the nicest possible way. 

Theorem 1.29. Suppose f G Hamc(M, ^7), and let ip G Conto^cC^jS,) denote the lift of f. 
Then 




(1.21) 



mod 1 



< c(V') < c{ip) + c{ip-^) 



(1.22) 



CA/(/) = C{ip). 

Moreover, if O <Z M is open and has compact closure then 

cm{0) = c{0 X S^). 



(1.23) 



(1.24) 



Theorem 11.291 allows us to prove non-squeezing results on S by making use of the known 
results on M . Let l^ : M ^ M denote the flow of the Liouville vector field on M and set 
._ ^log ^^Yl prove the following general result. 
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Theorem 1.30. Suppose O C M is a non-empty open set with compact closure and finite 
capacity: cm{0) < oo. Suppose there exists a contact isotopy if € Conto,c(S,^) such that 

ipi{C^{0)xS^) cCHO)^S^ (1.25) 

for ri,r2 G R. Then [r2] < [ri] . More generally ifO d Q <Z M are open sets with the property 
that there exists ip € Conto(i;,0 with ipi{Q x S^) C O x S'^ then \cm{Q)] < IcuiO)]. 

Proof. Note that for any r G R, 

CMiCm = rcM{0) + 0, (1.26) 

since CAf(O) > as O is non-empty. Thus without loss of generahty we may assume that 
cm{0) = 1. Then 

c{C{0) X S') = \cMiCm] = H . (1.27) 

Since as remarked above, Theorems 11.11 and 1 1 . 231 extend to this setting, the result follows from 
the analogue of Corollary 11.251 The last statement follows similarly. □ 

Remark 1.31. Theorem 11.301 recovers the beautiful non-squeezing result of |EKP06[ Theorem 
1.2]. In this case one takes M = R^" and U the unit ball. They prove that if [ri] < \r2] then 
it is not possible to squeeze B{r2) x into the cylinde^ C{ri) x S^. This result was also 
recovered by Sandon |Sanll ] using generating functions. 

Remark 1.32. One can play a similar game using the symplectic homology SH,,(M) rather 
than the Hamiltonian Floer homology HF^,(M). This corresponds to using a different class 
of Hamiltonians - instead of taking compactly supported Hamiltonians one uses Hamiltoni- 
ans that grow superlinearly. This leads to a truly infinite dimensional theory: for instance 
taking M = T*B, one has SH,(T*5) ^ H,(A(5);Z2) |Vit96[ ISW06I lASOH] . as opposed to 
HF*(T*i?) = H"'^*(i?; Z2). It is possible to define a different Rabinowitz Floer homology 
RFH^H(M X S^Af X P) which satisfies 

RFH^^(Af X S^,M X P) ^ SH*(M) 0H,(5^Z2) (1.28) 

instead of (ll.lSp . This leads to non-squeezing results onT*B x S^, which we will investigate 
in a sequel to this paper. 



Further applications of Theorem 11.291 are given in Section 15.41 

Finally, following |EKP06| Section 1.7] we investigate a rigidity phenomenon of positive 
contractible loops of contactomorphisms. Suppose now that (M, ^7) is the completion of a 
Liouville domain (Mo,£i7o). Set S := DMq and k := j\s, so that {S,k) is a contact manifold. 
Abbreviate 

' \MoUs(Sx [l,r), r>l. ^ ' 

We can prove the following result, which roughly speaking says that if {S, k) is non-orderable, 
so there exists a positive contractible loop x = {Xt}teS^ Conto(5', k) of contactomorphisms, 
then it is not possible to homotope (, through positive loops to id^. In [EKP06| Theorem 1.11] 
this was proved for S = S*^""^. 



^Note that whilst C(ri) := B^{ri) x r^"-^ jjogs not have compact closure in R^", and thus c{C{ri) x S^) 
is not defined, since we only work with compactly supported contactomorphisms we can deduce this fi-om the 
second statement of Theorem 1 1 . 30 1 bv taking O = B{r2) and Q a sufficiently large ellipse contained in C(ri). 



ORDERABILITY, CONTACT NON-SQUEEZING, AND RFH 



9 



Proposition 1.33. Set c := cjv/(Mo) and assume that c < oo. Suppose that {S,k) is non- 
orderable, with x = {Xt}teS^ Conto(5', k) a positive contractihle loop of contactomorphisms. 
Let Qt : S ^ (0, oo) denote the contact Hamiltonian of x, CLnd set 

(1.30) 



min gt{y) > 0. 



Then if {Xs,t}o<s<i is any homotopy of loops of contactomorphisms such that xi,t = Xt CLnd 
Xo^t = ids with corresponding contact Hamiltonian gg^t : 5" — t- R then there exists (s, t, y) € 
[0, 1] X 5^ X S" such that gs,t{y) = —(1 — e)c. 



Proof. This follows directly from Theorem 11.301 and the material from |EKP06| Section 2.1]. 
Indeed, suppose there exists 5 > such that gs,t{y) > —(1 — e)(c — S) for all {s,t,y) € 
[0, 1] X 51 X S. Set a 
is possible to squeeze M{r 
Then 



min{e, ec}. Then as proved in |EKP061 Section 2.1] for any r < it 



into M{ 



l+ar I 



S*^. Fix < A < min{a, (5} and take r = 



c{M{r) X S^) 



\cMiM{r))] 
\rcM{M{m 
2. 



c-A 



(1.31) 



But 



cm(M(^)) 
cr 



l + ar 

c 

c — A + a 



This contradicts Theorem 11.301 



(1.32) 

□ 
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2. Preliminaries 

2.1. Introductory definitions. Suppose (S,^) is a connected closed coorientable contact 
manifold. We denote by ■pConto(S,^) the set of all smoothly parametrized paths {(pt}o<t<i 
with (fQ = ids. We introduce an equivalence relation ~ on 'PGonto(S, ,^) by saying that two 
paths (f and -0 are equivalent if ipi = -01 and we can connect (p and tp via a smooth family 
(f^ = {^t}o<s,t<i of paths such that ip^ = ip^ ip^ = t(; and such that iff is independent of s. 
The universal cover Gonto(S,^) of Conto(S,^) is then PConto(5], ^)/ ~. We now give the 
precise definition of a Liouville manifold, and what it means for S to be Liouville fillable. 

Definition 2.1. A Liouville domain (WojdXo) is a compact exact symplectic manifold such 
that AolavFo ^ positive contact form on OWq. Equivalently the vector field Zq on Wq defined 
by izo^o = dXo should be transverse to dWo and point outwards. Zq is called the Liouville 
vector field, and we denote by I* the flow of Zq, which is defined for all t < 0, and thus 
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induces an embedding OWq x (0, 1] — )• Wq defined by {x, r) i->- ^(x). Thus we can form the 
completion {W,d\) of {Wo^dXo) by by attaching dW^ x [1,cxd) onto dW^: 

W■.= Wol^^Wo [OWq X [1,oo)). 

We extend Aq to a 1-form A on 1^ by setting A = rA|avKo dW^ x [1,cxd). Thus d\ is a 

symplectic form on W . Similarly we extend Zq to a vector field Z on W hy setting Z = rdr 
on dWo X [l,oo). One calls {W,dX) a Liouville manifold - thus Liouville manifolds are exact 
non-compact symplectic manifolds obtained by completing a Liouville domain. 

We say that a closed connected cooricntablc contact manifold (S,^) is Liouville fillable if 
there exists a Liouville domain {Wq, dXo) such that S = OWq and such that if a := A|s then a 
is a positive contact form on S with ker a = ^. By a slight abuse of notation we will generally 
refer to the Liouville manifold {W,d\) obtained from completing (Wo,dAo) as 'the' filling of 
S. 

The symplectization ST, of a contact manifold (S,^ = ker a) is the symplectic manifold 
S x (0, oo) equipped with the symplectic form d{ra). If S is Liouville fillable with filling 
(W, dX) then one can embed ST ^ W hy using the flow of the Liouville vector field Z of 
V. Next we recall how to lift a path ip = {<^t}o<t<i to a symplectic isotopy $ = {$t}o<t<i on 
the symplectization ST. Write ip^a = pttpt- Then define $t : ST ST by 



<|.,(x,r):=(^^,W,_j. (2.1) 

The path $t is Hamiltonian (in fact it preserves A) with Hamiltonian function 

Ht{x, r) := rht{x) : ST ^ R. (2.2) 

For later use we note the following lemma, whose proof is a simple computation which we 
omit. 

Lemma 2.2. Suppose that ip = {'Pt}o<t<i o.n-d tp = {ipt}o<t<i belong to 'PConto(S, and let 
•& £ Conto(S,^). Let Xt and Yj denote the infinitesimal generators of ip and tp respectively, so 
that 

d d 
Xtopt = —pt, YtO'iPt = — V't. (2.3) 

We define smooth positive functions pt, at and k via 

ip^a = pta, tpla = ata, •d*a = na. 

Let ht denote the contact Hamiltonian of ip and kt denote the contact Hamiltonian ofip. Then: 

(1) One has {iptil^t)*Oi = where 

Tt{x) = pt{Mx))at{x), (2.4) 
and the contact Hamiltonian It of ipip is given by 

Itix) = htix) + pt{<pTHx))kt{<pT\x)). (2.5) 

(2) One has {ipt'4't^)*ot = vta where 
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and the contact Hamiltonian rrit of ftp ^ is given by 

(3) Let 'difi}-^ G PConto(i;,0 denote the path t ^ 'd<pt'&~^ . Then one has {^ipt^-'^)*a = 
XtOi where 

- ^^^^) ' ^^-^^ 

and the contact Hamiltonian qt of "dLpd'^ is given by 

qt{x) := K{d~\x))ht{{)~\x)). (2.9) 

We next define precisely what it means for a contact form a generating ^ to be of Morse-Bott 
type. 

Definition 2.3. A contact 1-form a G r2^(E) generating ^ is said to be of Morse-Bott type if 
for each T > 0, the set Pt C S of points x € S satisfying 6^{x) = x is a closed submanifold 
of S, with the property that rankdalp^ is locally constant and 

T^Pt = ker {De'^{x) - idr^s) for all x G Pt- (2.10) 

A Liouville fillable contact manifold (S,^) is said to admit a Morse-Bott Liouville filling if 
there exists a filling (VF, d\) such that a := A|s is of Morse-Bott type. 

Let us now recall the definition of a translated point of a contactomorphism. This notion 
was introduced by Sandon in |Sanl2b| . 

Definition 2.4. Let (S,^) denote a closed connected coorientable contact manifold, and fix 
a contact form a € r2^(5]) generating ^. Fix G Conto(S,^). We can write (p*a = pa for 
a smooth positive function p on E. A translated point of (/? is a point x G with the property 
that there exists r/ € K such that 

^(x) = e^^ix), and p{x) = 1. (2.11) 

We call T] the time-shift of x. Note that if the leaf {9^{x)}t£R is closed (which is always the 
case when a is periodic) then the time-shift is not unique. Indeed, if the leaf {9''{x)}t£R has 
period T > then (p{x) = 9'^~^'^'^{x) for all € Z. In this case one needs to keep track of the 
r]. Finally we say a point x € S is an iterated translated point of ip if it is a translated point 
for some iteration p'^ . 

Now let us define what it means for a translated point x of an element (p £ Conto(S,^) to 
be contractible with respect to a Liouville filling {W,d\). 

Definition 2.5. Let iyV,d\) denote a Liouville filling of (S,^), with a = A|s. Suppose 
ip € Conto(S,^) and x is a translated point of p of time-shift r/. We say that the pair 
(x,r/) is a contractible translated point if the continuous loop I : IR/2Z — )■ S obtained from 
concatenating the path {pt{x)}o<t<i with the path {^~''*(x)}o<t<i is contractible in W . It is 
easy to see that this does not depend on path {(/9(}o<t<i'PConto(S, ^) representing p. A point 
(x, rj) is a contractible iterated translated point of p) if (x, rj) is a contractible translated point 
of some iterate p^ . 
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Remark 2.6. Note that if the leaf {6*{x)}f^^ is closed then it is important to take into account 
which time-shift we are working with. For instance, suppose (f = 6'^ for some r > and the 
leaf {9^{x)}t£R is closed and non-contractible in W. Then (x,t) is a contractible translated 
point of ip but for all v € Z\{0}, {x,t + vT) is not contractible. 

For us, the usefulness of translated points stems from the fact that the translated points of 
ip are the generators of the Rabinowitz Floer homology associated to ip, when the Rabinowitz 
Floer homology is well defined; see Lemma [2.91 or [ AM13b| for more information. 

2.2. The Rabinowitz action functional on A(S'S) x R. Write A(5S) := C~ntr(5'\ ^S) 
for the component of the free loop space containing the contractible loops. 

Definition 2.7. Fix a path ip € ■pConto(S,^) as above, and let Ht denote the Hamiltonian 
(j2.2p . We define the perturbed Rabinowitz action functional 

A^ : A(5S) X R ^ IR (2.12) 

by 

where /3 : K/Z ^ R is a smooth function with 



A^{u,r]) := l\*X-r, [' ^{t){r{t) - l)dt - [\{t)H^^tMt))dt, (2.13) 







/3(t) = Vt G [i, 1], and ( p{t)dt = 1, (2.14) 

Jo 

and X ■ [0) 1] ~^ [0) 1] is a smooth monotone map with x(^) = 0) x(l) = 1) and r{t) is the 
R-component of the map u : ^ ST, = S x R. Denote by Cnt{A,p) the set of critical points 
of A^, and denote by Spec(^^) := A^{Crit{A^)). 

Remark 2.8. In this paper we define the Rabinowitz action functional only on the contractible 
component of the free loop space, as all the applications we have in mind here pertain only to 
the contractible component. Nevertheless, it is possible to carry out all of our constructions 
on the full loop space without any changes. This is because the symplectic form (on ST, or 
on the Liouville filling W) is exact, and so there are no ambiguities in the definition of A,p on 
non-contractible loops. 

The following lemma explains why the perturbed Rabinowitz action functional is useful in 
detecting translated points. It is a minor variant of an argument originally due to the first 
author and Frauenfelder [AFlOl Proposition 2.4]. For the convenience of the reader we recall 
the proof again here. 

Lemma 2.9. |AM13b| yl pair (u, rj) is a critical point of Aip if and only if, writing u{t) = 
{x{t),r{t)) € E X (0, oo), p := x(^) is a translated point of ip, with time-shift —rj (taken 
modulo the period of the leaf {6*{p)}t£R */{^*(p)}teR is a closed leaf). Moreover if {u,r]) is a 
critical point of A^ then 

A,^{u,r]) =r]. (2.15) 
If(p is an exact path of contactomorphisms then r{t) = 1 for every critical point {u = (x, r),r]). 

Proof. Denote by <I>t : ST ST the symplectic isotopy (12. ip . A pair {u,r]) with u = {x,r) : 
S^ ^ T X (0, oo) belongs to Crit(^^) if and only if 

(u{t) = r,mR{xit))+xmH,,,M*)), , . 

\sim{r{t)-i)dt = Q. ^ ■ ^ 
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Thus for t € [0,^], we have r{t) = 1 and x{t) = —r]R{x{t)), and x{l) = <I>i(x(^)). Sup- 
pose {u,r]) G Crit(^^). Thus n(i) = (6'"''(x(0)), 1). Next, for t £ [^,1] we have u{t) = 
'X,{t)XH^^^^{u{t)). In particular, ip{x{^)) = 0~^{x{^)), and thus x(^) is a translated point of 
(p. Moreover the time shift of x is given by —r] mod 1. 
Next, we note that 

X{Xh{x, r)) = dH{x, r) (r-f) = H{x, r), (2.17) 



dr 



and hence 



A^{u,rj) = {ra){7](3{u)R{x))dt + [\{xXh^{u)) - xH^{u)\ dt 

= ?7 + 0. (2.18) 

Finally if ipt is exact for each t then the path of symplectomorphisms defined in ()2.ip is 
simply given by ^t{x,r) = {ipt{x),r), from which the last statement immediately follows. □ 

Remark 2.10. We emphasize again that if {u = {x,r),ri) is a critical point of then the 
time-shift of the translated point x(^) is the negative of the action value. This explains the 
Reeb flow will turn out to have a negative spectral number (cf. part (1) of Theorem II. ip . 

Remark 2.11. Note that Spec(^<^) depends only on the terminal map ipi. 

We now define what if means for (f to be non-degenerate. In the periodic case we also 
introduce the notion of being non-resonant. 

Definition 2.12. A path ip is non-degenerate A^p : A(5S) x R — > R is a Morse-Bott function. 
In the periodic case we say that if is non-resonant if Spec(^^) PI Z = 0. 

The identity ids is non-degenerate if and only if a is of Morse-Bott type (see |CF09| 
Appendix B]). In |AM13b| p7] we explained why a generic path ip is non-degenerate (actually 
a stronger result is true: for generic ip the functional Aip is even Morse). It is also easy to see 
that a generic is non-resonant. 

The next lemma explains in why we pay particular attention to periodic contact manifolds. 
It will prove crucial in the construction of the contact capacity (cf. Section [H in particular 
Proposition 14. 3p . Fix ip £ Conto(S,^) and fix a contactomorphism G Conto(S,^). 

Lemma 2.13. Assume a is periodic. If {u = {x,r),rj) G Crit(^^) with G Z then there 
exists a critical point [ui = (xi,ri),ry) of A^^^-i with xi(^) = ■ip{x{^)). In particular, 

Spec(^^) n Z = ^ Spec(^^^^-i) n Z = 0. (2.19) 

Moreover {u,r]) is non- degenerate if and only if {ui,r]) is non- degenerate. 

Proof. If {u,ri) G Crit(^^) with r] (^1. then since 9^ is 1-periodic, this means that if we write 
u{t) = {x(t),r{t)) then x(^) is a fixed point of (p. Thus ^(x(^)) is a fixed point of ip(pil^~^. 
Thus by Lemma 12.91 for each G Z there exists a critical point {uu = (xj^, Tj^), z/) of ^^^^-i 
with x,y{^) = 'ip{xiy{^)). In particular, this is true for u = r]. 

The final statement follows from the fact that (n, r]) is non-degenerate if and only if the 
linear map Dip{{x{^)) — 1 is invertible, and similarly (ui,ry) is non-degenerate if and only if 
the linear map D{il;ip'il;-^){'il;{x{{^))) - 1 is invertible. □ 
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The fohowing lemma can be proved by arguing as in |Sch001 Lemma 3.8]. The important 
thing to note is that in the lemma one does not necessarily assume that (p is non-degenerate. 

Lemma 2.14. For any path ip and any T > the set 

Spect-^'^] {A^) := Spec(^^) n [-T, T] (2.20) 

is a discrete subset ofR. In particular, if a is periodic then Spec(^^) is itself discrete for any 
path if. 

2.3. Rabinowitz Floer homology. Let us now assume that (S,^) is Liouville fillable with 
a Morse-Bott Liouville filling (W,d\). We would like to extend A^p to a functional defined on 
ah of A{W) X R, where A{W) := C^^^^{S^,W) as before. In order to do this we must extend 
the function (x, r) i— )• r — 1 and the Hamiltonian Ht to functions defined on all of W. At the 
same time, it is convenient to truncate them. As in [AFIO], we proceed as follows. Define 
m : W ^ R so that 

m(a;, r) := r — 1 on S x (i, oo), (2-21) 

f/TTt 

— (x,r)>0 for all (x,r) G 5S, (2.22) 
or 

m\w\si: ■■= -!• (2.23) 
Next, for k > let ^ C°°([0, oo), [0, 1]) denote a smooth function such that 

e.(r) = ^' ^^1^"'''^;]' ^ (2.24) 

^ ^ [0, re [0,e-'^]U [6^^ + 1,00), ^ ^ 

and such that 

< 4(r) < 2e^^ for r e [e"^'', e"^], (2.25) 

- 2 < e'^(r) < for r e [e'', e'^ + l]. (2.26) 

Then define fff : W — > R by setting i^f |vi/\SS = -f and 

H;^{x, r) := e^{r)Ht{x, r) for {x, r) e SS. (2.27) 

We denote by A'^ : A(Ty) x R ^ IR the Rabinowitz action functional defined using the 
Hamiltonians m and H'^: 

^^(n,7?) := Cu*\-r^ C (3{t)m{u{t))dt - f\{t)H\Ju{t))dt. (2.28) 
Jo Jo Jo 

Definition 2.15. Now let us recall the definition of the oscillation 'norm Hon Conto(E,C). 
Firstly, suppose {(pt}o<t<i € 'PConto(S, ^). Let ht : ^ R denote the contact Hamiltonian. 
The oscillation 'norm' \\h\\^^^ is defined by 

l!/i|losc:= 11^11+ + 11^11-, (2-29) 

:= / max/it(x)dt, ||^||_ ■— ~ Tamht{x)dt. (2.30) 
Jo Jo 

We then define the oscillation norm \\ip\\ for ip e Conto(S,.^) by taking the infimum of the 
oscillation norms H^tHogc over all possible paths {<Pt}o<t<i representing if (with corresponding 
contact Hamiltonians hf). 



Note that this is not really a norm! Any exact contactomorphism </? has |1<^|1 = 0. 
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Remark 2.16. Denote by £ HauiciW, dX) the Hamiltonian diffeomorphism generated by 
H^. The Hofer norm \\^'^\\ of is related to \\ip\\ by 

ll^'^ll < e" \\(p\\ . 

Here by definition the Hoer norm \\^'^\\ is the infimum of the oscihation norms of all possible 
Hamiltonians generating One such Hamiltonian is H^, and it is clear that Hi/'^H^g^ < 



Definition 2.17. Suppose (/? G 'PConto(S, ^). Let : S — > (0, oo) is defined by ip^a = pta. 
Define a constant ^(99) > by 



K(ip) := 8 max 



Pt{x) 



Ptix) 



G [0,1] X E L (2.31) 



Note that if ip is exact then k((^) = 0. 

In [AMlSbl Proposition 2.5] we proved: 

Lemma 2.18. If k > k{lp) then if {u,r]) € Crit(yi|^) then u{S^) C STi, and moreover if we 
write u{t) = {x{t),r{t)) then r{S^) C (e"''/^ e''/^). 

Remark 2.19. Fix > 0. Suppose we rescale a to wa. This corresponds to identifying S 
with E X {w} instead of S x {1} inside SS. Note that the contact Hamiltonian of wa is 
wht, and '^^{wa) = wpta. In particular, the oscillation norm IKv^tjUoscw with respect to 
wa is given simply by IKv^tlllosc w ~ \\Wt}\\osc- Moreover, if pw{^-,a) denote the smallest 
period of a Reeb orbit of a which is contractible in W (see Definition II. 9p one clearly has 
pwi^^wa) = wpw{^,cy). However the constant K,{ip) rescales to 

iiw{<f) = —i^i'f)- (2.32) 
w 

Thus we conclude the following result, which will be useful in the proof of Proposition 13.191 
below. 

Corollary 2.20. Suppose € Conto(S,^) satisfies \\ip\\ < pw{T,,a). Suppose ip has contact 
Hamiltonian ht- Given k,w > let H^'^ : W ^ W be defined by 

i7f'"'(x,r) := e^{wr)wrht{x), i^j'''"'|H^\ss = -f- (2-33) 

Then if ^'^''^ g Hamc(W^, dX) is generated by H^'^ then for w ^ one can choose k > K^{ip) 
such that 

\\^''''"\\ < Pw{^,wa). (2.34) 

If ip is non-degenerate in the sense of Definition 12.121 then as explained in |AM13b| , Lemma 
12.181 allows to define for a, 6 € [— 00, cxD]\Spec(^(^) the Rabinowitz Floer homology 

RFH^''^(^<^,T^). (2.35) 

This is a semi-infinite dimensional Morse theory associated to the functional (for some 
K > hq({p)), and we sketch the definition here and refer to e.g. |AF10| IAM13b| for more 
information. 

Let J'conv{STi) denote the set of time dependent almost complex structures J = {Jt}teS^ 
on STi that are d(rQ;)-compatible and that are convex. Here we use the sign convention that 
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J is dA-compatible if d{ra){J-, •) defines a Riemamiian metric, and to say that J is convex is 
to ask that there exists Sq > such that 

dr o Jf = d{ra) on E x [5*0, oo) (2.36) 

(in particular, J is independent of t on S x [Sq, oo)). We denote by J^conv{W) the set of time- 
dependent almost complex structures J = {Jt}teS^ with the property that J\sYi G v7conv('S'S). 

Given J £ J^comiW) we can define an L^-inner product ((•, on A(VF) x R: for {u,rj) G 
A(W) X R, CC e T{u*TW) and b,b' £ R, set 

{{{(,b),{C,b')))j:= [\x{JtC,C)dt + bb'. (2.37) 
Jo 

We denote by Vj^^ the gradient of A'^ with respect to ((•, •)) j. 

Remark 2.21. In this paper all sign conventions are the same as in |AS091 IAM13b) . 

Assume that (f is non-degenerate and fix k > and J € Jcorw{W). By assumption A'^ 

is a Morse-Bott function. Pick a Morse function g : Crit(^J^) — )• R, and choose a Riemannian 
metric q on Crit(^^) such that the negative gradient flow of V is Morse-Smale. Given two 
critical points w^,w^ G Crit(g), with = {u^,r]^), we denote by ,i^+{A'^, g, J, g) the 

moduli space of gradient flow lines with cascades of —VjA^ and —Vgg running from to 
. See [Fra04 1 Appendix A] or |CF091 Appendix A] for the precise definition. 

Introduce a grading on Grit ((7) by setting 

Atcz(^i) - \ dim(„^^) Grit(^;^) + indg(n, ??), > 0, 

li{u, ry) := I ficziu) - \ dim(„^^) Grit(^(^) + indg(n, ry) + 1, r? < 0, (2.38) 
1 — n + indg(u, 77), r/ = 0. 

Here Hcziu) denotes the Conley-Zehnder index of the loop t 1-^ u[t/rf) and dim(„ Crit(^^) 
denotes the local dimension of Grit(^|^) at {u,r]). Actually in most cases of interest in this 
paper, we may assume that Aip is actually Morse. In this case the Morse function g is taken 
to be identically zero, and (|2.38p continues to hold. 

Remark 2.22. Our normalization convention for the Gonley-Zehnder index is that if is a 
C'^-small Morse function on W and x is a critical point of W then 

fJ-czix) =n- mdH{x), (2.39) 

where indff(x) denotes the Morse index of x. 

Given -00 < a < 6 < 00 denote by RFG1"'*^(^^,5) := Gritl"'^^(5) Z2, where Critl"'^^ (5) 
denotes the set of critical points w of g with a < A,p{w) < b. We only do this when a,b ^ 
Spec(^<^), even if this is not explicitly stated. Generically the moduli spaces M^- ^+ {Aip, g, J, g) 
carry the structure of finite dimensional smooth manifolds, whose components of dimension 
zero are compact. One defines a boundary operator d on KFC^'^\A'i^, g) by counting the 
elements of the zero-dimensional parts of the moduli spaces A4^~ ,i^+{Aip, g, J, g). 

The homology R¥}1^^'^\a^,W) := H*(RFGl'''''^(^^,ff),5) does not depend on any of the 

auxiliary choices we made. We emphasize though that RFh1"'^^(^^, W) depends on the choice 
of filling {W,dX). Finally we define 

RFHt(^^,VF) := In^ RFHl"'''^(^^,iy), (2.40) 

a4.— 00 
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RFR^:''°°\A^,W) := ^RFh1"'''^(^^,T^), (2.41) 

RFH,(^^,M^) := lii^ ^RFh1'''^^(^^,T^) (2.42) 

(the order of the hmits in (|2.42p matters) . As pointed out by Ritter [Ritl3] , it fohows from work 
of Ciehebak-Frauenfelder-Oancea |,CFO10| that the Rabinowitz Floer homology RFH*(S, W) 
vanishes if and only if the symplectic homology SH=K(Ty) vanishes. 

We briefly summarize now the key properties that we will need about the Rabinowitz Floer 
homology RFh1'''^^(^^, TV): 

(1) The Rabinowitz Floer homology is independent of if in the following strong sense. 
There is a universal object RFH^,(S,Ty) (which may be thought as corresponding to 
the case ip = ids, together with canonical isomorphisms 

: RFH,(S, W) ^ RFH,(^^, W). (2.43) 

Given two paths ip and ip, there is a map Ci^^^ : RFH^,(^^, W) RFH*(^^, W) with 
the property that 

Q = W°C^- (2.44) 

(2) If a < 5 < oo there is a natural map 

f/ : RFHJ(^^, W) ^ RFHt(^^, W). (2.45) 

Similarly there is a natural map 

: RFHt(^^, W) ^ RFH^')(^^, W). (2.46) 

If 6 = oo we abbreviate = j^, and we write for the map RFH^(S,1^) — > 

RFH^,(E,VK), with similar conventions for the maps p'^'^. If Spec{Aip) H [a,b] = 
then the map j^'^ : RFH"(^^,T4^) — )■ RFH^(>4.^, VF) is an isomorphism and p^'^ : 

RFRliA^, W) RFh1'''^^(^<^, W) is the zero map (as RFhI"'^^ (^<^ , 1^) = 0). 

(3) Moreover there is a filtered version of (I2.44p . which gives the existence of a maps 

C^,^ : RFH2(^^, W) ^ RFH:+^('^''^)(^^, W) (2.47) 

for some constant K({p, ip) > 0. The maps (|2.47p are a special case of [AFlOl Lemma 
2.7]. It will be important however to note that if the paths {p,ip have contact Hamil- 
tonians hf and kt then then the constant K{{p, ip) satisfies 

K((/p,'0) < e'^''^^'"(^)'''(^)> h-^-h^ , (2.48) 

+ 

where we are using the notation from (I2.29p -( f2.30p . Finally one has for all A € 
RFR'i {A^,W) that 

C,,ArM)) = f/^^^'^\Q^^{A)) . (2.49) 

(4) The Rabinowitz Floer homology RFH(S, W) carries the structure of a unital ring (see 
|AM13a| ). That is, given o, 6 € IR U {+oo}, there is a map 

TT^'^ : RFH^(E, W) ® RFH5(S, W) RFH^+j'_„(S, W) (2.50) 
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with the property that tt := 7r°°'°° gives RFH*(S,PF) the structure of a unital ring. 
Thus there exists an element 1 G RFHh<(S,VF) such that tt{A,1) = tt{1,A) = A for 
aU A G RFH*(E, W). In particular, RFH*(S, VF) = if and only if 1 = 0. The unit 
lives in degree n = \ dim V. The maps tt"'^ are compatible with the action filtration 
in the sense that for all A G RFH^(i;, W) and B G RFH^(S, W) one has 

r+^(7r«'^(AS)) = T:{f{A),j\A)). (2.51) 

The unit 1 satisfies 

1 G j"(RFH"(S, W)) if and only if a > 0. (2.52) 

(5) Consider again the case of the identity ids- In this case we don't need to worry about 
the cutoff function /3, and we simply study the unperturbed functional A defined by 

A{u,ri):= ! u*X-r] [ m{u{t))dt. (2.53) 
Jo Jo 

Since S x {0} C Crit(^), if as above we choose a Morse function g on Crit(„4), we 
may think of := 5|sx{o} ^ ^ Morse function on S. If we choose e > sufficiently 
small then 

RFh1-^'^)(^,5) ^ HM,+„_i(5s), (2.54) 
since in this case the boundary operator d : RFCl ^'^■'(^, (/) — )■ RFC^^_^^^\a, g) coin- 
cides with the Morse differential ^^orse . CM*+„_i(5s) CM*+„_2(5s)- Suppose gj: 
has a unique maximum Xmax G Then Xmax is necessarily a cycle in the Morse com- 
plex CM2n-i((7s): and midcr the isomorphism HM*((7x;) = H*(E;Z2) the class [xmax] 
represents the fundamental class [E] G H2n-i(S;Z2). It turns out that (xmax^O) is 
also a cycle in RFC^(A,g), and the class [(xmax,0)] is the unit 1 G RFH„(E, VF). In 
particular, one has 

p-%l)=fm). (2.55) 

(6) The product structure carries over to the groups RFH*(yl<^, VF). Given ip and ip one 
can define a product 

vr;-'^ : RFH^(^^, W) RF}l';{A,p, W) ^ RF}l^+^_.^XA^^ W). (2.56) 
The product vr^^^ is compatible with the action filtration in the sense that for all 
A G RFH^(^^, W) and B G RFH^(A/„ W) one has 

j^i'K'^^^B)) = 7r^,^(j«(^),4(i?)), (2.57) 

where as before we abbreviate tt^^^ := 7r^^°°. Moreover the product tt^^^ is related to 
the continuation homomorphisms via 

7r^,f{C^{A),Cf{B)) = CM<A^ B)) ^. ^ e RFH,(S, W) (2.58) 

We define the 'unit' 1^ G RF}ln{A^,W) by 

1^ = C^(l), (2.59) 

(note though that for ip ^ ids, I^j is not strictly a unit in any sense of the word!) Note 
that 

C^,V,(1^) = 1^, (2.60) 

and 
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3. Spectral invariants and orderability 

Throughout this section we require Assumption (A) from the Introduction to hold. More 
precisely, recall we say that a closed connected coorientable contact manifold (S,^) satisfies 
Assumption (A) if: 

(A): (S,^) admits a Liouville filling {W,dX) such that a := A|s is Morse-Bott and the 
Rabinowitz Floer homology RFH*(S,M^) is non-zero. 

Definition 3.1. Let denote a non-degenerate path. We define its spectral number by 

c{^) := inf {a G R : 1^ e j^(RFH^(^^, W))} . (3.1) 

Then we have: 

Lemma 3.2. c{ip) is a finite real number, and moreover 

c{v) G Spec(^^). (3.2) 

Proof. Assumption (A) implies that c{ip) > —oo. The fact that c{(p) is a critical value of Aip 
follows immediately from the fact (stated in (2) above) that the map : RFH°(^^,Ty) — )• 
RFH^(^^, W) is an isomorphism if Spec(^^) n [a, 6] = 0. □ 

We now have the following Lipschitz continuity property for the spectral invariant c((/?): 

Lemma 3.3. For two non- degenerate paths (p,ip, one has 

c{^)<c{^)+K{^,ij), (3.3) 

and thus in particular ip i— )• c((^) is Lipschitz continuous with respect to the C^-norm on 
7'Conto(S,0. 

Proof. If i^(^) = 1^ then by (I249D 

This proves that c(^) < c{ip) + K{'pi,'ip). □ 

Lemma 13. 3| together with the fact that a generic path (p is non-degenerate, allows us to 
extend the definition of c to degenerate paths (/?: 

Definition 3.4. Let ip denote a degenerate path. Pick a sequence (p'^ of non-degenerate paths 
ip^ with Lf^ (p. Then we define 

c{<p) ■.= \\m.c{ip''). (3.5) 
Note that in the degenerate case we still have 0(99) € Spec(^^). 
Remark 3.5. It follows from (|2.52|) that 

c(ids) = 0. (3.6) 

More generally, we have: 
Lemma 3.6. For any T S (R one has 

c(0^) = -T. (3.7) 

Proof. One has Spec(^gT) = —T + Spec(^go). Since by assumption Spec(^go) is nowhere 
dense, the result follows from continuity of c and the fact that c{9^) = c(id2) = 0. □ 
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Recall that the universal cover Conto(5],^) of Conto(S,^) consists of equivalence classes of 
paths where two paths {^Pt}o<t<i a-nd {tpt}o<t<i with ipi = -01 are equivalent if there exists a 
smooth family ip^ = {y^t}o<s,t<i such that ip^ = ip, ip^ = ip, and (pi is independent of s. 

Corollary 3.7. If ip and ^ are equivalent then c{ip) = c{tjj). Thus c descends to define a map 
(still denoted by) 

c : C^o(S,0 ^ K. (3.8) 

Proof. Let {(p^}o<s<i = {Vt}o<s,t<i Q Conto(S,^) denote a smooth family such that ip^ = ip, 
ip^ = tp, and ipf is independent of s. Note that c{ip^) € Spec(^<^s), which depends only on 
ipf by Remark 12.111 Moreover Lemma 13.31 implies that s i— )• c{p^) is continuous. There exists 
T > such that c{p^) E [— T, T] for all s E [0, 1], and hence in the discrete set Spec^~'^''^\A^) 
(cf. Lemma l2.14p . Thus c{p^) does not depend on s. □ 

The following 'triangle inequality' is what makes c a useful function. 

Lemma 3.8. Given ipjip Conto(S,^) one has 

c{ip^p) <c{(p) +c{ijj). (3.9) 

Proof. In the non-degenerate case we argue as follows: if j^{A) = l^p and j^{B) = 1^ then 
C := Tr'^^^{A,B) belongs to RFB^+\A^^,W), and by (12371) and (l23T]l we have 

j;i'{C)=7r^,^{f^{A),j'^iB))=7r^^4l^,l^) = 1^^. (3.10) 
The general case now follows from an approximation argument. □ 



Proposition 3.9. Suppose (p^ij: ^ Conto(S,^). Suppose the contact Hamiltonian of (p is 
ht, and the contact Hamiltonian of ip is kf. Define smooth positive functions pt and at via 
p^a = pta and tp^a = ata. If for all t E [0, 1] one has 

hf o Pf kf o ihf , ^ 

^ > -L^ (3.11) 

Pt CTt 

then 

c{p) < c{ij). (3.12) 
Moreover if the inequality h3.11\) is strict then so is hS.l^) . 

Proof. Set '■= '^tipr^ ■ suffices to prove the result under the assumption that Lp,ip and fj, 
are all non-degenerate, and let It denote the contact Hamiltonian of fi. By part (2) of Lemma 
12. 2| one has 

(3.13) 

MVt {^)) 

Lemma 13.81 implies that 

c{p) = c{fitP)<c{fi) + c{iP), (3.14) 

and (13. 3p implies that 

c(;u) <c(ids)+/^(ids,/x), (3.15) 
and hence c{fi) < if A'(ids,/i) = 0. Finally K(ids,/i) = if > (cf. I^M^), that is, 

ht{x)atipTHx)) > Pt{^t\x))hm^t\x))). (3-16) 
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which is equivalent to p. lip . Now suppose the inequahty (j3.1ip is strict. Choose 

0<.o< min fM^_MV^\ (3.17) 

and choose 

< ei < min at(x). (3.18) 

(t,x)e5ixs 

Set 

e:=eoei, (3.19) 
and consider the exact contactomorphism t i— )■ 0^*, which has contact Hamihonian e and 
satisfies c{6'^) = —e by Lemma 13.61 If we write /i^a = r^a then from part (2) of Lemma |2.2| 
we have 

and hence 



T,(:.0 = "}Zi ^ - (3-20) 



X)) 



Tt{x) pt{ip^\x)) 

_ ht{nt{x))at{i^^^{x)) - pt{ilJt^{x))kt{x) 



hs{ips{z)) ks{ips{z)) 



> min CTtiy) min , 
V{t,s/)esixs J \{s,z)eS^xT.\ Ps{z) as{z) 

> eosi = e (3.21) 
Thus from what we have ah'eady proved, 

cifi) < c(i?) = -e, 

and hence 

c{ip) = c{^ij~^ij) < c{n) + c(V') < -e + c(V'), (3.22) 
which completes the proof. □ 

By taking either cp = ids oi ip = ids in Proposition 13.91 we obtain the following immediate 
corollary. 

Corollary 3.10. Suppose that ip G Conto(S,^) is generated by a contact Hamiltonian ht with 
hf > 0. Then c{(p) < 0. Similarly if ht < then c{ip) > 0. 

We have now completed the proof of Theorem 11.11 from the Introduction. Given a path ip 
of contactomorphisms, we define the support of ip, 

e{ip):= \J suppipt), (3.23) 

0<i<l 



where supp{(pt) := {x € S | Ptix) / x}. 
Definition 3.11. For an open set [/ C S we set 

c{U) := sup ^c{ip) I <p G Q^trto(S, 0, 6{<p) C C/| G (-oo, oo]. (3.24) 
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Example 3.12. By Example 14.41 one has immediately that c(S) = oo. 
Let us show that c{U) > for any non-empty set U CT,. 

Proposition 3.13. Given any open set [/ C S, there exists ip G Conto(S,^) such that C 
U and c{il)) > 0. 

Proof. We prove the proposition in three steps. 

Step 1. We use an idea from Sandon |Sanl2al p2]. Fix a C^-small function 6 : S — t- R. We 
use h to build a contactomorphism ^ :T*SxR— ;'T*5]xR, where the 1-jet bundle r*S x R is 
equipped with the standard contact form Aq + dr and Aq = pdx in local coordinates. Namely, 
we set 

r) = {x,p- db{x), T + b{x)). (3.25) 

Note that critical points of b are in 1-1 correspondence with Reeb chords between the two 
Legendrians S x {0} and ^(S x {0}) (where S C T*T, is the zero section). Since b is assumed 
to be C^-small, ^' determines a contactomorphism of ip of (S,a), defined as follows. Firstly, 
Weinstein's neighborhood theorem for Legendrian submanifolds (see |AH| Theorem 2.2.4]) 
implies that there is an exact contactomorphism 

E:Nx {-6, 6) ^Qx {-e, e) (3.26) 

between a neighborhood N x {—d, 6) oiT,x {0} inside T*T, x R and a neighborhood Q x {—£, e) 
of A X {0} inside S x S x R, where A is the diagonal in S x S. Here S x S x R is equipped 
with the contact form e^'pr^a — pr2a, where pr^- is the projection onto the jth factor. The 
contactomorphism is then defined by looking at the restriction of H o ^1/ o to A x {0} 
inside Q x {—e,e); we can write 

H o ^ o E~^{x, X, 0) =: (x, ip{x),log p{x)), (3.27) 
for -0 : S — )• E and p : T, ^ (0,(X)). One readily checks that = pa, and hence is a 
contactomorphism. 

Similarly, if we start with an isotopy {bt}o<t<i with 6o = then we obtain a path ip = 
{ipt}o<t<i of contactomorphisms with ipQ = id^. In this case one can check that the contact 
Hamiltonian of ip is —bf: 

a = -bt o (3.28) 

The key point now is that the translated points x &Ti of ipi with time-shift r] € (— e,e) are in 
1-1 correspondence with the critical points of 6i: if x G crit(6i) then 

^{x) = e-^'^^'Xx). (3.29) 

Thus for each x G crit(6i) there is a critical point {ux, bi{x)) € crit(^^), and any critical point 
{u,rj) of not of this form necessarily satisfies \7]\ > e. 

Step 2. Suppose now that we start with a C^-small Morse-Bott function 6 on S. Define 
bt := tb for t E [0,1], and let ip = {ipt}o<t<i denote the corresponding path of contacto- 
morphisms. Then if x € crit(6) then the critical point (ux,b{x)) belongs to a Morse-Bott 
component of A^, and moreover we claim that 

p{ux , b{x)) = 1 — n + mdh{x) , (3.30) 

where ind;,(x) denotes the maximal dimension of a subspace on which the Hessian Hess6(x) of 
6 at X is strictly negative definite. 
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To see this, we consider the Hamiltonian diffeomorphism $ of T*S x [R x R obtained by 
hfting ^, which as ^ is exact, is given simply by 

^{q,p,T,a) = i^{q,p,T),a). (3.31) 

A translated point x of ipi gives rise to the following path of Lagrangian subspaces: 

Lt := {(x,-tHessb(x)(x),0,(T) | x G T^S, a e R} C r(^^o,o,<7)(^*5] x R x R), (3.32) 

The desired index is then given by 

fi{ux,b{x)) = 1 - n + //Rs(Lo,Li), (3.33) 

which in this case is just 1 — n + indb(x) as claimed; note that the 1 — n summand comes 
from the normalization used in the definition of the Rabinowitz index (j2.38p above, and we 
are using the grading convention from Remark 12.221 

Step 3. We now prove the theorem. Suppose [/ C S is open. Choose a function 6 : S — > 
[0, oo) such that supp(6) C U and such that b is Morse on the interior of its support. Moreover 
we insist that b has a unique maximum xq G S, with < 6(xmax) < where e is as in (I3.26p . 
Finally, we insist that b is sufficiently C'^-small so that the corresponding contactomorphism 
^ = {'4't}o<t<i is defined and satisfies 

i^(ids,V)<£- (3.34) 

From Lemma 13.31 we obtain 

c(V) < c(idE) + i^(idE, V) < e- (3.35) 
Since the contact Hamiltonian of ip is —b which is non-positive, one has c{ip) > by Corollary 
13.101 Thus c(V') is necessarily a critical value of b. Since 1^ has index n, and Xmax is the only 
critical point of b of index 2n — 1 (so that the corresponding critical point (u^;^^^, 6(xmax)) has 
index 1 — n + 2n — 1 = n), we see that 

c(V') = A^(,{Ux^^^,b{Xmi,x)) = 6(Xmax) > 0. (3.36) 
The proof is complete. □ 

Remark 3.14. It is not true that one can always find ip € Conto(S, ^) such that C U and 

c(V') < - see Lemma [3. 151 below. One can also see directly from the preceding proof that the 
argument would completely break down: if we tried replaced Xmax with a minimum Xmin of b 
then the corresponding critical point iux^i^,b{xiai^)) would no longer have the correct index. 

Lemma 3.15. Suppose U C T, is an open set with the property that there exists ip G 
Conto(S,,^) satisfying 

Vi([/)n (U0*(C/) J =0. (3.37) 

Then < 0(99) < c(V') + c(V'~^) for every ip with support in U . 

Proof. Suppose ip € Conto(S,^) satisfies 6(99) C U. We claim that 

c{'4)ip) = c{tp). (3.38) 

Indeed, any translated point 2; E S of ^ must necessarily lie outside of U (due to (j3.37p ). and 
since &{ip) C U the same is true of Thus Spec(^^(^) = Spec(^^). But now if we choose 
a path Lp^ = {'Pt}o<s,t<i such that = ids and ip^ = ip with &{p''^) C U then the same 
argument shows that Spec(^^(^s) = Spec(^^) for all s. Thus s ^ c^ijjip^) is a continuous 
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function on the discrete set Spec(^^) (cf. Lemma l2.14p . and thus c{^ip^) is constant. This 
proves (I3.38p . 

To see that c{U) < c{ip) + c{ip^^), we note that for ip with &{(p) C U one has 

c{ip) = c(V'"V93) < ^V-"^) + c(^V') = ^V-"^) + c(^). (3.39) 

Finahy to see that c((/?) > for ah ip with &{p>) C U. We apply (I3.38P to ip"^, which also 
satisfies <3((/?~^) C U. Then we have 

c(^) = c(V'V3"V) < cii^^"'^) + c{ip>) = c{iIj) + c((^), (3.40) 
which implies that 0(99) > as claimed. □ 

We now present a version of Corollary 13.101 for contactomorphisms G{ip) contained in some 
open set. 

Corollary 3.16. Suppose G Conto(S,^) has contact Hamiltonian ht. If ht{ipt{x)) < 
whenever <ptix) 7^ x then c{(p) > 0. 

Proof. We need a slight extension of the argument used in the proof of Proposition 13.131 
Suppose {bt}o<t<i is a family of C^-small functions 6^ : S — >■ R such that 60 = ids and such 
that bi is Morse on the interior of its support, with a unique maximum Xmax- We denote 
by ip'^ = {^j }o<t<i the contact isotopy with contact Hamiltonian — 5j. Similarly we denote 
by ^p^^ = {^f^}o<t<i the contact isotopy with contact Hamiltonian —tbi. In the proof of 
Proposition 13.131 we showed that c{'ip'^^) = 6i(xmax)- Now let us note that as the family 
{bt}o<t<i is homotopic to {i6i}o<t<i, the usual invariance argument (cf. Corollary 13. 7p shows 
that c(^/'^) = c(V'^^), and hence we still have 

c(V'') = 6i(x„,ax) >0. (3.41) 

Now we prove the Corollary. Let : S — >■ (0, 00) denote the smooth positive function defined 
by ip^a = ptOi. Choose as above a family {bt}o<t<i of C^-small functions 5j : E — >■ [R such that 
60 = ids and such that 61 is Morse on the interior of its support, with a unique maximum Xmax) 
together with the additional property that if : S — )• (0, 00) is defined by {'ip^ Ya = cr^a, 
where -0^ is as above, then 

—bi o ih^ hf o (n, 

— LV^ > t ^ 3 42) 

~ Pt 

This is certainly possible as /i^ < on the interior of the support of supp(99t). Then by 
CoroUarv 13.91 and (j3.4ip we have c{p>) > 6i(xniax) > 0. □ 

We have now completed the proof of Proposition (jl.Sp from the Introduction. Unfortunately 
this is as far as one can take the argument of Proposition 13. 9l for the case of contactomorphisms 
supported in a set U. The point is that the proof of Proposition 13.91 used the Reeb flow 9^^ 
for small e, which has c{9^) < 0. In order to extend Proposition 13.91 to this setting we would 
need to be able to construct (for any e > 0) a contactomorphism ip with support in U such 
that, writing ip^a = pta and denoting the contact Hamiltonian of ip hy ht, that 

hf(ipf(x)) , / s / s 

< sup < e, and c{ip) < 0. (3.43) 

(t,x)e5ixs Pt{x) 

In general there is no way to do this, and indeed Lemma 13.151 shows that for some open sets 
U no such contactomorphisms ip exist. See also Remark 13.201 below. 
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Remark 3.17. In general we do not know whether the homology class 1^ € RFH„(yi^,H^) 
is necessarily represented by critical points of A,p with image contained in In some 

circumstances this cannot happen however. Since from Lemma 13.31 one always has c{ip) < 
K{idY,,cp), if K{idj],ip) < T then {x,T) can definitely not contribute to 1<^. In particular, if 
i^(ids,(/?) < pw{Tj,a)^ where py/{Ti,a) was defined in Definition ll.9| then no closed Reeb 
orbits outside the support of ip can contribute to \^p. In fact, this statement can be improved 
by making use of Corollary 12.201 Since K(ids,(/9) < e*^*^*^) ||(/?|| (see (j2.48p ). by identifying 
S with S X {w} inside S'S instead of S x {!}, then for ^ we may assume that the 
corresponding constant i^^(ids,93) satisfies Kyj(\dY.,ip) < pwi'^^'wa). We summarize this in 
the following lemma. 

Lemma 3.18. Suppose ip G Conto(S,^) satisfies \\ip\\ < pi^(S,a) and is supported in an open 
set U CT,. Then after identifying E with S x {w} instead ofT,x {1} in W for some w ^ 0, 
the unit 1^ is necessarily represented by critical points of with image contained in U. 

Proposition 3.19. Suppose ip E Conto(S,^) has support in an open set U CT,. Denote the 
contact Hamiltonian of pt by ht, and assume that ht{'Pt{x)) < whenever pt{x) 7^ x. Assume 
either that 

(1) One has \\h\\^^^ < pvK(S,a) and c{U) < 00. 

(2) There exists G Conto(S,0 with ipiU) n (UfgR 0\U)) = and < pwi^,a). 
Then 

ciip"'^) < ciip") for all 1/ G N. (3.44) 

Proof. Let us first assume that case (1) holds. We then perform a rescaling so that Lemma 
13.181 holds for every iterate p'^ . For clarity however we will suppress this rescaling for the 
remainder of the proof. Write p^a = pta and write ((^^)*a = p^a. Let h^ denote the contact 
Hamiltonian of p'^. Then using part (1) of Lemma [2.2| one easily checks that 

pUx) = pt{pr\^))pr\^) (3.45) 

and 

h^x) = hr\x)+pt[pi\xWt-\^i\x)). (3.46) 
We now prove by induction that 

h'i[p^{x)) < whenever ptix) 7^ x. (3.47) 

By assumption this is true for 1^ = 1. Since 

hupux)) = K-\^t{x)) + pti^rH^m-H^rH^))- (3.43) 

The first term on the right-hand side in (13.48^ is certainly non- negative, and if ptix) x 
then by induction then second term on the right-hand side in (I3.48P is strictly negative. 
This completes the inductive step, and hence (I3.47P is proved. Proposition 13.91 tells us that 
c((/?'^~^) < c{p'^) for any G IKI, since 

and thus 

hrHpr\x)) hUpUx)) _ htipu^)) 



p--\x) p\{x) p\{x) 



> 0. (3.50) 
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It remains to prove that the inequality is strict. Fix 6 > and define 

Us{(pt) ■■= {x G supp{ipt) I dist(x,5supp((/?t)) > 5} , (3.51) 

where dist is taken with respect to some metric on S. For 5 > sufficiently small the set 
Us{'-Pt) is an open subset of S varying smoothly in t which is non-empty for t > 0. Given 
e > 0, let k^^ : S — t- [0,e] denote a smooth function such that k^^{x) = e for all x G Us{<ft) 
and such that supp(A;^'^) C supp((pf). We may assume that kf'"^ is also smooth in t, and that 
as e — 7- one has kf"" — )■ in the C°°-topology. Thus from (|3.47p . if e > is chosen sufficiently 
small, we have 

kf^{x) + 2h'^{cp'^{x)) < for all {t, x) € [0, 1] x E. (3.52) 

Moreover if ip^'^ £ Conto(S,^) denotes the contactomorphism with contact Hamiltonian kf^ 
then for e > sufficiently small the function af^ : E (0, oo), defined by {■ipf'')*a = crf'^a, 
satisfies 

at'%x) < 2 for all {t,x) G [0, 1] x E. (3.53) 

We now claim that choosing 5 > and then e > sufficiently small, so that both p.52p and 
([333]) hold then, 

c((^--i)<c(^^'-(^-). 

Using part (1) of Lemma 12.21 again, we see that the contact Hamiltonian lt{x) of ifj^'^ip^ is 
given by 

k{x) = k''%x) + af' ((/'^)-i(x)) ht ((^^'^)-i(x)) , (3.54) 



and that 

where 

Thus 



(/•Vr)*a = na, (3.55) 



n{x) = a'/i^UxMix). (3.56) 



rt{x) 4'\^'({xM{x) pU^) 



^ 'k'/{x) + af\^'i{xWM{x))] . (3.57) 



pt{x)arm^)) 

< 0, (3.58) 

where we are using both (j3.52p and (|3.53p . Thus from (j3.50p . we see that 

ciif"'^) < c(/'V) (3.59) 

as required. Next, 

c(/'V'^) < c(^^'^) + civ") < civ"), (3.60) 
since ci'ip^''^) < as k^^^ > 0. Now write 

Spec(^^.) = Spec'(^^.) U Spec"(^^.), (3.61) 

where 

Spec'(^<^.) := {A^^iu,!]) I iu,T]) G Crit(^^.), n(0),u(l/2) E Usiifi)} , (3.62) 

Spec"(^<^i^) := Spec(^<^i')\Spec'(^^i'). (3.63) 
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Since c{ip'^~^) > by Proposition 13.91 we see that for 5 > small enough one has c{ip'^) € 
Spec (Aip-^) and \c{ip'^) — c\ > S for all c G Spec"(^<^i^). Note here we are using the fact that 
Lemma [3.181 holds for ip'^ (as established at the beginning of the proof). Now for the punchline: 
on Us{ft), "0^'^ is just the Reeb flow 9^^, and for 5 > sufficiently small, if Spec' (A^s.e i^^^) is 
defined in the same way then 

Spec' (^^5,.^.) = {c - e I c e Spec'(^^<^)} . (3.64) 

We can't really say much about Spec"(^^i,£^,.), apart from that it must be very close (in the 
Hausdorff topology) to Spec" {A^^-^). However, it follows that provided we choose both 5 and e 
small enough, one has c{if'^) G Spec' {A^s.e ^i^) and Spec' {A^s.e^i^)ri Spec' {A,p-^) = 0, and hence 

ciip") ^ Spec{A^s,e^.). (3.65) 

Thus we see that for 5,e > sufficiently small, 

ci^"'^) < ci'tP^'^if") < c{ip''), (3.66) 

which completes the proof in case (1). The proof in case (2) is very similar, and makes use of 
Lemma [3T5] and I^Mh . □ 

Remark 3.20. One should note that it is not at all clear what the translated points of ^/^'^'^ 
are, since we have no control over the behaviour of k^''' on 6{(f)\Us- In Appendix|A] we show 
how, in the periodic case, one can construct a variant -i?^ of the contactomorphism ip^'"^ which 
from the point of view of translated points, really is a 'compactly supported Reeb flow'. In 
this case it is possible to compute the spectral value precisely, and one gets c('!?^) = —e if 
— 1 < e < and c(??^) = if e > — see Theorem lA.ll This highlights a distinct contrast 
between the compactly supported Reeb flow and the genuine Reeb flow. 

We now can now prove the following result, which was stated as Corollary 11.101 in the 
Introduction. This argument is due to Sandon [Sanl2b| Theorem 3.1]. 

Corollary 3.21. Suppose (S,^) satisfies Assumption (A). Suppose ip G Conto(S,^) satisfies 
©((/?) C U and assume that the contact Hamiltonian ht ofT, satisfies ht{^pt{x)) < whenever 
(ftix) 7^ X. Assume that either: 

(1) One has \\h\\^^^ < pvi/(S,a) and c{U) < oo. 

(2) There exists ^ G CWo(S,0 with 4j{U) H (UtgR O^U)) = and < pw{^,a). 
Then ip has infinitely many distinct iterated translated points. 

Proof. Proposition 13.191 implies that there exists a sequence {xu,riy) G S x (0, cxo) such that 
ip'^{xiy) = 6~'^''(xiy), with the r]iy pairwise disjoint. Either infinitely many of the points Xiy are 
disjoint, in which case we are done, or there exists a point x G S such that x^ = x for infinitely 
many u. In the latter case, set := ip'^~^{x). Then the are pairwise disjoint for infinitely 
many i/, and for infinitely many v, is a translated point of ip. Here we are using the fact 
that if {^p^Ya = a then using (13.45P we see that p^{x) = 1 =^ P^iv) — 1- This completes 
the proof. □ 

Finally let us prove the following result, which was given as Proposition 11.121 in the Intro- 
duction. 

Proposition 3.22. Suppose (S,^) satisfies Assumption (A) and that there are no closed 
contractihle Reeb orbits. Then the value of c{ip) depends only on ipi. Thus the map c : 
Conto(S,^) — )• R descends to Conto(S,^). 



ORDERABILITY, CONTACT NON-SQUEEZING, AND RFH 28 

Proof. Suppose ip,tp £ Conto(S,,^) satisfy ipi = ipi. Set fj, := ifip'^- We claim that c(/i) = 0. 
Indeed, since /ii = id^ and there are no contractible Reeb orbits, Spec(yi^j) = {0}, and thus 
necessarily c{fi) = 0. Thus 

=c(mV) <c(^)- (3.67) 
Interchanging the roles of if and ip proves the result. □ 

4. The periodic case - capacities 

Let us now assume that (S,^) satisfies Assumption (B) from the Introduction: 

(B): (S,^) admits a Liouville filling {W,dX) such that the Rabinowitz Floer homology 
RFH*(E,H^) is non-zero and such that a := A|x; is periodic. 

Definition 4.1. We define for ip G Conto(S,^) an integer c{(p) by 

c{ip) := \ciip)] . (4.1) 

The reason periodicity is helpful is this function c is conjugation invariant. We will prove this 
shortly in Proposition 14.31 below, but to begin with we present the following lemma. Recall 
from Definition 12.121 that we say ip is non-resonant if Spec(^^) n Z = 0. 

Lemma 4.2. Suppose is both resonant and degenerate with c{ip) € Z. Then there exists 
ip'^ ^ ip such that p^ is resonant and non- degenerate such that for all u sufficiently large one 
has c{p^) = c{p). 

Proof. Start with any sequence {p") of non-degenerate paths such that p'^ — )• p. Since ip is 
resonant, for each G N there exists a translated point x'^ € S for (p'^ with time-shift r]'^ such 
that T]'^ — 7- and such that for all v sufficiently large one has 

c{p^) = c{p)+ii\ (4.2) 

The sequence 6~^'' o p^ still converges to 93, and it is easy to check that 9'"^" o p'^ is still 
non-degenerate, and for all v sufficiently large one has that 

^e-"" o (^^) = dp'') -rf = c[p) (4.3) 

(see (lOT]) □ 

Proposition 4.3. The function c : Conto(S,^) ~L is conjugation invariant: if £ 
Conto(S,^) and p G Conto(S,^) then 

ciil^pip'^) = c{p). (4.4) 
The triangle inequality c{p'd) < c{p) + c{'d) continues to hold for c. 

Proof. Assume that p is non-resonant, that is, Spec(>4.,^) n Z = (see Definition I2.12p . Fix 
if) G Conto(S,^). We show that |'c(V'(/?V'~^)] = [^((^9)] . Let ■il)s G Conto(S,^) be a path 
connecting ids to ip. Then we consider the map 

c{iIjsP'4^~^). (4.5) 

Lemma [3 . 31 implies that this map is continuous. Lemma [2 . 131 implies that Spec(>4.^ ^^-i)nZ = 

for all s G [0, 1], and hence |'c('(/'¥''i/'~^)'| = rc((/3)] as required. 

There are now three cases to consider. Firstly, suppose that p is resonant but that c{p) ^ Z. 
Suppose G Conto(S,^). Then for p' non-resonant and sufficiently close to p we have 

c{i}pi}-^) = c{il;p'ip~^) = c{p') = c{p), (4.6) 
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where the second equahty used the step above. The second case is when ip is resonant and non- 
degenerate, with c{ip) G Z. As before, given %[) G Conto(S,^) we choose a path V's connecting 
ids to The key point now is that for any sq G [0,1], if {usq^'Hsq) is a critical point of 
^^-1 with r/sQ G Z then (usQ,r]sfj) is automaticahy non-degenerate by the last statement 
of Lemma 12.131 It follows that there exists e > such that 

SpecM^^^^-i) n [c((^) - e, c{ip) +e] = {c{ip)}, (4.7) 

and the result follows as above. The final case is when ip is both resonant and degenerate 
and c{(p) G Z. In this case we employ Lemma 14.21 to find a sequence ip'^ if such that ip'^ 
is both resonant, non-degenerate, and such that for all large u one has c{p'^) = c{ip). The 
argument above then implies that for any ^/^ G Conto(S,^) and for all v sufficiently large, 
c{ijjip'^'ip~^) = c{p'^) is an integer. Since c{'ipp'^ip~^) — )• c{ipip'tp~^) the result follows. 

The triangle inequality follows from the triangle inequality for c, and the fact that [a + fe] < 
\a\ + \b] for any a, 6 G R. □ 

Corollary 4.4. One has c{t ^ 6**^) = [T] for anyT £R. 

Proof. Lemma [3. 6[ □ 

We now define c{U) in the same way as c{U) was defined in Definition 13.111 
Definition 4.5. For an open set [/ C S we define the contact capacity 

c{U) := sup |c((/7) I p G C^o(S, 0, C [/} G Z>o U {oo}. (4.8) 

Note that c{U) > by Proposition EUl 
Proposition 4.6. For all i/j G Conto(S,i^); one has 

c{ij{U))=c{U). (4.9) 

Proof. Since 

6(V(pV"') = V'(6(95)), (4.10) 
we conclude from Proposition 14.31 that 

c{U) = sup|c(^) I G C^o(5],0, C 

= sup{c((/p) |(/.GC^to(5],0, i^i&iip)) C 

= sup\c{ip) |(^GC^to($],0, &{^ipiJ-^) C ^PiU)j 

= sup ^ci^ipip-^) I p G C^o(S,0, ©(^(^V'^^) C V(f^)} 

= sup {c(;u) I /iG Qiirto(S,0, ©(/i)cV(f/)} 

= c(^([/)). (4.11) 

□ 

The following result will prove very useful. 
Lemma 4.7. Suppose p,ip € Conto(S,^) are such that ip is non-resonant and 

V'i(e((^))n6((^) = 0. (4.12) 
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Then 

c{tl;(p) =c{tl;). (4.13) 

Proof. Let /i* = {iptVst}o<t<i so that 'ipLp = fi^ and il) = Suppose (u, ry) G Crit(^^s), and 
let X := Then 

iPiPs{x) = e-''^{x) (4.14) 

(see Lemma l2.9p . If x G supp((/55) then (ps{x) G supp(99s)) and hence ip{Lps{x)) ^ supp(c/?s). 
Thus ipj^ipipsix) = ipips{x) = 9~^{x), and so 77 E Spec(^^-i^^^). If x ^ supp(9Js) then 
il){x) = 9^^{x), and hence r] G Spec(^^). Thus 

Spec(^^.) C Spec(^^-i^^J U Spec(^^). (4.15) 

Thus from Lemma 12.131 we see that Spec(^^s) PI Z = for ah s G [0, 1]. Now (j4.13p fohows 
by continuity of c. □ 

We now give a criterion for c{U) to be finite. 

Proposition 4.8. Let U T, be open. If there exists a non-resonant tpi G Conto(S,^) such 
that 

iPi{U)r\U = ^ (4.16) 
then c{U) < c{ip) +c{Tp~^) for any path tp = {V't}o<i<i connecting with endpoint Tpi. Thus 
c(U) < 00 whenever there exists ipi G Conto(S,^) such that tpiiU) H {7 = 0. 

Proof. Let ■0 be a path connecting ids with ■i/'i- If satisfies &{ip) C U then by Lemma 14.71 
we have c{ipip) = c{ip), and hence by Proposition 14.31 

c{(p) = citpifi;-'^) < c(V') + citp'^). (4.17) 

The last statement follows from the fact that if non-resonance is a generic condition, and 
hence if ip\{U) Ci U = 9 then one can find another ip[ which is non-resonant and satisfies 
ilj[{U)nU^$. □ 

We have now completed the proof of Theorem 11.231 from the Introduction. 

Definition 4.9. We define another function 7 : Conto(S,^) — t- Z>o by 

:= \c{v)\ + \c{^-')\ . (4.18) 

Proposition 4.10. Suppose ip G Conto(S,C) satisfies ^{ip) = 0. Then ipi = ids- 

Proof. If ipi 7^ ids then since c{-ip) = we must have ipi 7^ 9^ for all T G K. Thus there 
exists an open set U C T, with the property that ipi{U) Ci (UtgR ^*(^)) — ^- Thus Lemma 
13.151 implies that c{tp) + c{'ip~^) > c{U) > 0, which contradicts the fact that 'y{'ip) =0. □ 

Definition 4.11. Define 7 : Conto(S,i^) — > Z>o by setting 

^{^p) := inf ^-yi^f) \ if = {ipt}o<t<i G Conto(i;,0, ^1=4'^- (4.19) 
Proposition 4.12. For any ip 7^ ids one has > 0. 

Proof. Bi-invariance implies that 7~^(0) is a normal subgroup of Conto(S,^). A theorem due 
to Rybicki [RyblO] tells us that Conto(i;,0 

is a simple group, and thus it suffices to show 
that there exists some ip G Conto(S,^) with ^{ip) > 0. This is clear by Proposition 14.11)1 and 
the fact that 7 is integer valued. □ 
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We conclude this section by using 7 to define a bi-invariant metric dx^ on Conto(S,^). The 
following result was stated as Theorem 11.191 in the Introduction. 

Theorem 4.13. Define 

d^ : Conto(S, ^ x Conto(S, C) ^ Z>o (4.20) 

by 

d^((^,V') =7M"')- (4.21) 
Then d^ is a well defined bi-invariant metric on Conto(S,^). Similarly if one defines 

d^ : C^o(S, X C^o(5], 2>0 (4.22) 

in the same way, but using 7 instead of'j, then d^ is a bi-invariant pseudo-metric on Conto(S, ^) 
whose degeneracy locus is the (possibly empty) set of non-contractible loops ip = {'Pt}teS^ 
Conto(S,^) with c{ip) = c{ip~^) = 0. 

This is by now straightforward. The triangle inequality for d^ and follows directly from 
the triangle inequality for c - given ip,'ip,'& G Conto(S,^) we compute: 

dy{ip,4^) = -iiifi}'^) 

= \c{lp'4)^^)\ + |c(?/'V9""'")| 

< \c{ifd-^)\ + \c{'dir^)\ + \c{ij{}-^)\ + \c{'dip-'^)\ 
= 7((^i?-i) + 7(i?V~^) 

= d^((^,i?) + d^(i?,^-^). (4.23) 

Next, bi-invariance follows as c is conjugation invariant. That d^ is non-degenerate is precisely 
Corollary I4.12| and the statement about when d^ is non-degenerate follows from Proposition 

Slol 

5. Prequantization spaces 

5.1. Hamiltonian Floer homology. Fix a Liouville domain (Mo,(i7o). Let S := OMq and 

^ •= 7o\s, so that {S,k) is a contact manifold. Let (M,dj) denote the completion of Mq, so 
that M = Mq Us {S X [1, 00)). It is convenient in this section to introduce the notation 

MM := («»\(« I"'!)' (5.1) 



Thus Mq = M{1). Note here we are using a to denote the R-coordinate on the end of M - 
this is so as to avoid confusion in Section 15. 3( when a second Liouville domain will come into 
play. 

Denote by Hamc(M, ^7) the group of Hamiltonian diffeomorphisms f on M with compact 
support. As before, a path f = {/t}o<t<i of compactly supported Hamiltonian diffeomor- 
phisms is assumed to be smoothly parametrized and begin at the identity: /q = idj\/. Given 
such a path / = {ft}o<t<i, let Xj denote the time-dependent vector field on M defined by 

§ift = Xf^of,. (5.2) 
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The equation 

ft7-7 = dat, ao = (5.3) 
determines a smooth compactly supported function at ■ M R. If we define 

i^* = ix,,7-(^ai)o/-i, (5.4) 
then Ft generates ft: ft = fp- We can recover at from Ft via 

o-t = J (iXf^l - Fs^ o f^ds (5.5) 

(see for instance |MS98l p294]). 

We briefly explain the construction of the Hamiltonian Floer homology of / in this section. 
The setting we consider here is a special case of the one considered by Frauenfelder and Schlenk 
in ^FS07]. to which we refer to for more details. However it will be convenient for us to use 
Frauenfelder 's Morse-Bott framework |Fra04) . in order to make the link with the Rabinowitz 
Floer homology of E := M x 5^ clearer in the next section. 

Given F € C^{S^ x M, R), the flow fp has many 1-periodic orbits, since fp is compactly 
supported. Denote by 

XF := inf {(7 > I 6(/f) C M{a)} . (5.6) 

Given a path / = {/t}o<t<i in Hamc(M, ^7), we set tj := tp, where F is given by (|5.4p . Next, 
we set 

Vf ■■= {y G M{tF) I fUy) = y} ■ (5.7) 

Note that Vf is not necessarily the same as {y G S(/i?) | fpiy) = y} - see ()5.17p for an 
example of a function G for an example where Vq 7^ {y G ®(/g) I fh^v) — v}- 

Definition 5.1. Define a subset Vjf° C C^(5^ x M, R) (here the 'mb' stands for Morse-Bott) 
to consist of those functions F with the property that Vf is either a closed submanifold of M 
or an open domain whose closure is a compact manifold, and for which 

TyVF = ker{Df^{y) - 1) for all y G Vf- (5.8) 

It is well known that the subset Ti^^ is generic in C^{S^ x M,R). We say that a path 
/ — {/t}o<t<i is non-degenerate if the function F defined in (15. 4p belongs to Ti^^. 

We denote by Rs the Reeb vector field of k. Denote by Ti the set of time-dependent smooth 
functions F on M with the property that there exists C > such that Ft\sx[c,oo) is of the 
form Ft{y,a) = e{a) for some smooth function e : [C, 00) R satisfying 

<e'{a) < p{S,k). (5.9) 

Here 

p{S, k) := inf {T > | 3 a closed Reeb orbit of Rg of period T > 0} . (5.10) 

This ensures that if denotes the fiow of F then ip\ has no non-constant 1-periodic orbits 
on S X (C,oo). Note that if F € C'^{S^ x M, R) then one can find F e H such that 
F\s^xM{xf) = ^- 
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Definition 5.2. Fix a path / = {/t}o<t<i, and let F denote the function defined in (|5.4p . 
and fix an extension F G H such that i^l^ixA/'"' ~ 

F. Recall that A(M) := C^^^^{S\M). 
Define the Hamiltonian action functional Aj : A(M) ^ R by 

Af{v) := [ v*-f - Ft{v)dt. (5.11) 
Jo 

Denote by Cnt°{Af) the set of critical points v Af with v{S'^) C M(rF). Then Crit°(^/) 
doesn't depend on the extension F - in fact 

Crit°(^j) = Vf, (5.12) 

and hence the assumption (j5.8p implies that each component of Crit°(^j) is a Morse-Bott 
component for Af. 

Fix J G J'conv(M) (cf. ([2:36]) ). We define an L^-inner product ((•, ■))j on A(M) as before 
(cf. ()2.37p . only this time there is no bb' term). We denote by VjAp the gradient of Af with 
respect to ((•, •)) j. Pick a Morse function g : Crit°(^j) — >■ R and a Riemannian metric g on 
Crit°(^/) such that (g, g) is a Morse-Smale pair. In the case where Vf is an open domain in M 
whose boundary is a compact manifold, g must be chosen so that {dg, n) < on the boundary, 
where n is an outward pointing normal. As before we define moduli spaces My- y+ {Af,g, J, g) 
of gradient flow lines with cascades for critical points € Crit{g). This time we grade 
V G Crit((jr) simply by fi{W) := f^cziW) + mdg{W), where fJ-cziW) is the Conley-Zehnder 
index. A standard convexity argument gives the necessary compactness needed to define Floer 
homology - see Frauenfelder-Schlenk |FS07| . 

Given — oo < a < 5 < oo denote by CFi'^'''\Af,g) := Cnti'^'^\g) (g) Z2, where Critl"'^'' (5) 
denotes the set of critical points v of g with a < Af{v) < b. As before one defines a boundary 

operator d on CFi"''^\Af, g) by counting the elements of the zero-dimensional parts of the 

moduli spaces Aiy-^y+{Af, g, J, g) for v" 7^ v^. We denote by l{F^'^\Af) the associated 
homology, which as the notation suggests, is independent of the auxiliary data {g, J, g). In fact, 
one can also show it is also independent of the choice of path /. We abbreviate HF^(^j) := 

Hf1"~'"^(^/) and HF,(^/) := Hf1"°°'~^(^/). We denote the natural maps HF^(^/) ^ 
HF*(^j) by jj in the same way as before. Under our grading convention explained in Remark 
12.221 there is a canonical isomorphism 

HF,(^/) ^ H„+,(Mo,aMo) = H"-*(Mo). (5.13) 

See the proof of Lemma [5.31 below for one way to see this. 

Next, the Floer homology HF*(^j) carries the structure of a unital ring with unit 1/ G 
}iFn{Af), and as a result, as since }iF^:{Af) is necessarily non-zero, as before we can define 
the spectral number 

cmU) :=inf{aG R | 1/ G j7(HFJ(^/))} . (5.14) 
As before, cm is a well defined function 

CA/ : H^ic(M,d7) ^ R. (5.15) 

We can use cm to define a capacity on open subsets O C M, 

cm{0) := sup {cA/(/) I 6(/) C O} , (5.16) 

in the same way as before. We use the subscript cm to differentiate it from the function c 
associated to T, := M x that we will define shortly. 
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We now introduce a special function G on M such that G = on M(l) = int(Mo) and 
G = on S X [1 + e, oo) for some e > 0, and such that 

G{y,r) = e{a) (5.17) 

on S" X [1,1 +e] with e(l) = e(l + e) = and e{a) > on (1,1 + e), with \e'{a)\ < p{S,k). 
Note that 

Vg = M{1), (5.18) 
where points in Mq are thought of as constant loops. In particular, /^|m(i) = idAf(i)- By 
a slight abuse of notation we thus think of G as an extension to "H of the 'Hamiltonian 
diff eomorphism ' id ( i ) . 

Lemma 5.3. In the case idjv/(i) one has CM(idA//(i)) = 0. Moreover in this case the unit 1 is 
simply given by the fundamental class [Mq] . 

Proof. We define Aidj^^i^^^ using the function G defined in (j5.17p . Thus Crit°(^id^^j^j ) = M{1), 
and every element of Crit°(^i(j^^^^j ) has action value zero. Thus there are no gradient flow 
lines of Aidj^j^^^y and hence the Floer complex CF Aid J^f g) reduces to the Morse complex 
of a Morse function g' on iVf(l). Such a Morse function g can be chosen so that g > 1 on M(l) 
and such that g is the restriction of a Morse function ^ : Af ^ IR such that g{y, cr) = ^ on 
S X [l,oo). This shows that 

HF,(Ad„„)) = HM„,+,(<7) ^ H„+,(Mo,9Mo), (5.19) 

which proves (I5.13p . Moreover if the Morse function g has a unique maximum ymax then 
bmax] is a cycle in RFn{AidM(i^), and in fact HF„(Ad„(i)) = 22[ymax]- Note that under the 
isomorphism of the Morse homology of g with the relative homology of (Mo,5Mo), [ymax] 
represents the fundamental class [Mq]. This shows that lid^^ = [Mq], and CM(idM(i)) = as 
claimed. □ 

5.2. The prequantization space T, = M x S^. The prequantization space of M is the 
contact manifold S := M x 5"^, equipped with the contact structure ^ := ker a, where 

a := 7 + dr, (5.20) 

and r is the coordinate on = R/Z. The third class of contact manifolds we study in this 
paper are these prequantization spaces, which for convenience we refer to as Assumption (C): 

(C): (S, ^ = ker (^) is a prequantization space T, = M x , where (M, ^7) is a Liouville 
manifold, and a = 'j + dr. 

In this case S is obviously periodic, but it is not Liouville fillable in the previous sense. Aside 
from anything else, E is necessarily non-compact. However S does still retain enough of the 
properties needed above in order to define a Rabinowitz Floer homology, as will explain in the 
next section. 

Let us denote by Conto,c(5^iO those contactomorphisms ip with compact support. There 
is a natural way to obtain a path ip = {'Pt}o<t<i of compactly supported contactomorphisms 
on E from a path / = {ft}o<t<i of compactly supported Hamiltonian diffeomorphisms on M. 
Indeed, given such a path /, define ipt : T, ^ T, hy 

^t{y,T) := {ft{y),T - at{y)), (5.21) 

mod 1 
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where at was defined in (j5.3p . One easily checks that ipt is an exact contactomorphism. We 
say that the contact isotopy ip is the lift of the Hamiltonian isotopy /. In this case the contact 
Hamiltonian hf associated to ipt is simply F^: 

htO(pt = a(^-^(pt^ = Ftoift, (5.22) 

where Ft was defined in (|5.4p . Fix a function F G Ti such that F = F on x M{xf), and 
define Ht: ST, ^Rhy Ht := rFt. 

Consider again the Rabinowitz action functional A^p : A(S'E) x R — )• R defined as in (j2.13p . 
using Ht. Suppose {u,r]) G Crit(^<^). Write u{t) = {v{t),T{t),r{t)) £ M x x (0,oo). Then 
from (I2.16P we have 

(/i(.(i),r(i)-ai {vm=V>i (n(i)), 

^ V ' 

mod 1 

= {v{l),r^^y-rj) (5.23) 

mod 1 

and hence if y := v{^) then fi{y) = y and ai{y) = rj mod 1. Moreover since ipt is exact one 
has r{t) = 1 for all t (cf. the last statement of Lemma [2 .Op . Since we only consider contractible 
critical points of Aip, we deduce: 

Lemma 5.4. There exists a bijective map 

TT : Crit(^^) ^ Crit(^/) (5.24) 

given by 

niu = {v,T,r),r]) := {t ^ ft {v (i))) . (5.25) 

Moreover 

A^{u, ri) = ^/(7r(n, ??)). (5.26) 
In particular, every critical point (u, rj) of A^p has 

u{S^) C M(tf) xS^ X {!}. (5.27) 

Given a contactomorphism ip € Conto,c(S, ^), we denote by 

= inf {ct > I ©((/?) C M{a) x S^} . (5.28) 

Thus if if is the lift of / then 

t^ = tf. (5.29) 

5.3. Rabinowitz Floer homology on S. Let Pq denote a torus with a disc removed, so 
that dPo = S^. Equip Pq with an exact symplectic form d/3o such that /3o|aPo ~ d'^- Denote 
by (P, d/3) the completion of P, so that 

f3 = rdT on aPox[l,oo). (5.30) 

Consider 

W ■.= M xP, (5.31) 

equipped with the symplectic form dX where A := 7 + /3. Note that W is not a Liouville 
filling of S. In particular, when equipped with the symplectic form dX, there is no embedding 
{ST,d{ra)) '—7' {W,dX) that we can use in order to extend the Rabinowitz action functional 
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Aip to a functional defined on all on A{W) x R. Ideally we would like to work with a symplectic 

form Lo' such that i^'|mx(9Pox(o,oo) = d(ra). Sadly no such symplectic form exists, and even 
if one did it would not have the 'right' properties at infinity. To circumvent this problem we 
will work with a family {A*}s>i of 1-forms as specified by the following lemma. 

Lemma 5.5. There exists a family {y}s>i such that 

(1) For all s > 1, dX^ is a symplectic form on W . 

(2) For all s > 1, is split-convex at infinity - that is, on {M\M{2s — 1) x P) U 
(M X P\P{2s - 1)), the 1-form X' is just the split form {2s - 1)7 + ^. Thus {W,dX^) 
is geometrically bounded for each s > 1. 

(3) For all s>l, on M{s) x Pij^), A* the split form + P- 

(4) For s = 1, X^ = X on all ofW. 

(5) For s > 1, define C >SE to be the subset 

Qs ■■= M{s) X 5^ X (1/s, s). (5.32) 
Then for each s > 1, the 'inclusion' 

is-.Q^s^W (5.33) 

satisfies t*A* = ra. 
Proof. Define a smooth function 

k : [1, 00) X [0, 00) X [0, 00) -J> (0, 00) (5.34) 

such that 

k{l,a, r) = 1 for all a, r G [0, 00) (5.35) 

and if s > 1 then: 

k{s,a,r)=r if cr G [0, s) and r G (1/s, s), (5.36) 
k{s, a,r) = 2s-l if either a > 2s - 1 or r > 2s - 1, (5.37) 

Ks, a, r) = 2^ if (T G [0, s) and r G (o, ^j^) , (5.38) 

and finally such that 

dk 

— {s,a,r) > for all (s,cr,r) G [l,oo) x [0, 00) x [0,oo). (5.39) 

Now define a function k : [1, 00) x V ^ Rhy setting 

k{s,{y,a),{r,T)) := k{s,a,r) for (y, a) G SMq x R+, (r, r) G SPq x IR+, (5.40) 
and such that for z G M(0) and (r, r) G OPq x (0, 00) one has 

~k{s,z,{r,T))=k{s,0,r), (5.41) 
and if {y, a) G dMo x (0, 00) and w G P(0) then 

~k{s,{y,a),w) = k{s,a,0). (5.42) 
and finally such that for z G M(0) and w G P{0) one has 

k{s,z,w) := k{s, 0,0) (5.43) 

Then finally we define 

A^:=fe(s,-,-)7 + /3- (5.44) 
It is clear that properties (l)-(5) are satisfied for A* defined in this way. □ 



ORDERABILITY, CONTACT NON-SQUEEZING, AND RFH 



37 



We now prove the foUowing result. 

Theorem 5.6. For any non- degenerate path (p there exists a constant so{ip) > 1 such that if 
s > SQ{ip) then it is possible to define the Rabinowitz Floer homology RFH^<(^(^, M^, dA'^) (here 
the notation indicates that we are working with the symplectic structure dX^ on W). Moreover 
the Rabinowitz Floer homology is independent of the choice of s > So(V')- 

Proof. Let j7s(VF) denote the set of time-dependent almost complex structures J = {Jt}tes^ 
on W that are dX^ compatible, and satisfy: 

(1) If is is the embedding (lOHl) then J G Jconvi^s C ST,). 

(2) The restriction of J to {M\M{2s - 1) x P) U (M x P\P{2s - 1)) is split - that is, 
there exist almost complex structures J' € JconviM) and J" € i7conv(^) such that 
J = {J',J") on this set. 

Extend Aip to a functional defined on all of A(VF) x [R in the same way as before, by 

replacing Ht with a truncated function as in (j2.27p . As with the Hamiltonian Floer 
homology, we are now only interested in the set Crit°(^^) of critical points (n = (u,r, r),r/) 
of critical points of A'^ with v{S^) C M{x^). For s large enough, all elements of Crit°(^^) 

are contained in ^Ig and Hj^ is constant outside of Q2s-i+e foi' some small e > 0. Thus if we 
work with an almost complex structure J G Js{W), no flow lines of —VjA"^ can ever escape 
^2s-i+e- Thus the Rabinowitz Floer homology is well defined for this s. 

In order to prove independence of s, first note that for s > max{so(v)) ■5o('0)} the contin- 
uation maps from points (l)-(3) on the properties of Rabinowitz Floer homology on page [T71 
go through to show that 

RFH,(^^, W, dX') ^ RFH,(^^, W, dX'). (5.45) 

Next we note that if id^,/(x)xS'i is the contactomorphism with contact Hamiltonian G as defined 
in (I5.17P then so(idj^^(]^)x5'i) = 1. More generally, this is true for any exact path (/? of contacto- 
morphisms, since in this case for any e > 0, every critical point of A'^ is contained in S x {0} 
- see Lemma [2. 181 By (j5.45p it suffices to show that RFH*(^id i , W, dX^) is independent 
of s. But this is clear, since every critical point of the Rabinowitz action functional -^id^,^^^^^^! 
has action value zero, as we are only looking at contractible critical points and we have filled 
with a punctured torus Pq rather than a disc D^. Thus Cht°{Aidj^j^^^^^-i) = -^(1) x 5^ x {0}, 
and hence regardless of which symplectic structure we use, as in Lemma 15.31 the Rabinowitz 
complex reduces to the Morse complex of a Morse function g : M(l) x 5^ — t- [R . In particular, 
it does not depend on s. □ 

We denote by RFH*(^;^,T^) the groups RFR^{A^,W,dX'') for any s > So{ip). 

Theorem 5.7. If (p = {^t}o<t<i is the lift of f = {ft}o<t<i then there exists a natural 
isomorphism 

RFH,(^^, W) ^ RF^Af) ® H,(5i), (5.46) 
under which the unit 1^ maps to If [S^]. 

Proof. By naturality it suffices to prove the theorem in the case / = idjv/(i), ^ = idjv/(x)xS'i- 
In this case as in the proof of the last part of Theorem 15.61 one has 

RFH,(Ad,,(,),,, , W) - HM,+„(g), (5.47) 
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where ^ is a Morse function on M(l) x S^. We choose g = {g,g'), where g is the Morse 
function considered in the proof of Lemma [5.3( and (7' : — )• R is a Morse function with two 
critical points Tmin and Tmax- This gives 

RFH,(Ad,,(,)^^i,VF) = HM„+,(5) ^HM,(5)®HM,(5') = H„+,(Mo,aMo)®H,(5i). (5.48) 

To complete the proof we check that the unit in RFH^,(>lid , y) is given by [((ymax; 7"max)) 0]. 

This is clear since {{y maxi '''max)i 0) is the Only critical point of index n (cf. point (5) from the 
properties of Rabinowitz Floer homology on page [T8|) . □ 



5.4. Relating the capacities. We define c((/?) in the same way as before for G Conto,c(5^5 0- 
It is by now clear that almost all the results from Sections [3]|1] go through in this setting, pro- 
vided we only work with elements of Conto,c(5^; C)- There are two points where things are not 
quite the same. Firstly, there is no analogue of Lemma 13.61 This is because the Reeb flow 
is not compactly supported. In fact, in the case where M = R-^" one has c((/j) > for all 
if G Conto,c(IR^" X This follows from Lemma EjSl As a consequence it is no longer 

possible to prove the strict inequality in Proposition 13.91 and in fact this is simply not true in 
this setting (cf. Remark 13. 201 and Appendix [A]). Thus in this setting Proposition 13. 91 is reduced 
to the following weaker statement: 

Proposition 5.8. Suppose ip,ijj & Conto,c(S, Suppose the contact Hamiltonian of ip is ht, 
and the contact Hamiltonian of ip is kf. Write (p^a = pto. and ip^a = atoi. Then if for all 
t G [0, 1] one has 

J_tl > J: — tl^ 5.49) 
Pt (^t 

then 

0(99) < c(^). (5.50) 

Nevertheless we never actually made use of the strict inequality anywhere in the paper 
except in the proof of Corollary 13.101 Corollary 13.161 shows that one direction continues to 
hold, namely that if (/? G Conto,c(S,^) has contact Hamiltonian ht with ht{(pt{x)) < whenever 
^t{x) ^ X then c{(p) > 0. However the converse is false (see Appendix [A|l . Note that the proof 
of Proposition 13. 19l still goes through in this setting (provided the set U has compact closure), 
and hence so does the proof of Corollary 13.211 (again, assuming U has compact closure). Of 
course, in this setting there are no contractible closed Reeb orbits. The key extra piece of 
information we have here is the following statement, which was stated as Theorem 11. 291 in the 
Introduction. 

Theorem 5.9. Suppose f G Hamc(M, ^7), and let ip G Conio,c(5^; C) denote the lift of f. 
Then 

cm(/) = ciip). (5.51) 

Moreover, if O C M is open then 

cm{0) = c{0 X S^). (5.52) 

Proof. The flrst statement follows from Theorem 15.71 and Lemma 15.41 Thus clearly cm{0) < 

c{0 X S^). In order to complete the proof, we must show that given any ij) G Conto,c(S,^) 

with ©(V') C O X 5^ there exists / G Hamc(M, ^7) with ©(/) C O and such that hfted 
contactomorpliism ip satisfies 

c(V') < c{ip). (5.53) 
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This follows from Proposition 13.91 Writing ip^a = pfO, and letting hf denote the contact 
Hamiltonian of ip, let us choose / with &{f) C O and such that the corresponding function 
F from (15.41) satisfies 



FtO(pt< , (5.54) 

Pt 

where (p denotes the lift of /. Since ip is exact and has contact Hamiltonian Ft, (j5.53p follows 

from (j5.54p and Proposition 15.81 □ 

In order to present an application of Theorem 15. 9| let us quickly recall the definition of the 
Hofer-Zehnder capacity. See for instance |HZ94j for an in depth treatment. 

Definition 5.10. Let O be an open subset of M. We define the Hofer-Zehnder capacity 
CHz(C,M) of O to 

CHz(0,M) := sup{||i?|| I H is admissible}, (5.55) 

where H G C^{0, R) is admissible if there exists an open set O C O such that H\o = maxH, 
and if the flow 93^ has no non-constant periodic orbits of period < 1. 
We also define the displacement energy by 

e{0, M) := inf { \\H\\ \ ipjj{0) n O = 0} . (5.56) 

The following result is due to Frauenfelder and Schlenk |FS07[ Corollary 8.3], see also [FGS05[ 
ISchOni . 



Theorem 5.11. //(Mo,7o) is a Liouville domain then 

CHz(0,M) < cm{0) < e{0,M). (5.57) 

Denote by B(r) the open ball of radius r in R^™. Then CHz(-B(r), (R^™) = vrr^. We can now 
prove: 

Proposition 5.12. Let (M, (£7) denote a Liouville manifold. Equip R^"^ with the standard 
symplectic form dXQ, and consider the contact manifold (S, a + Ao), where S := M x IR^™ x . 
Suppose O M is open and chz(C, M) < 00. Choose rg > such that 

\7rri] <\cnz{0,M)] (5.58) 

and set 



n := V^CHz(0,M) + l (5.59) 
Then there does not exist ip € Conto,c(5^5 01 + Aq) such that 

<p{0 X B{ri) xS^)cOx B{ro) x S\ (5.60) 
Proof. We first prove that for r > ri, 

CHz(0 x B{r),Mx R^-) > chz(0,M). (5.61) 

Fix e > 0. We consider a cutoff function /3 : [0, 00) —?■ [0, 1] such that /3(s) = 1 for s € 
[0, r — 1 — e] and /3{s) = for s > r, and such that —1 < P'{s) < for all s S [0, 00). Now 
suppose IL is any admissible function on O. Define Hf} : M x R^™ — )• R by 

H(,{x,y) := p{\y\)H{x). (5.62) 

The symplectic gradient of H13 with respect to d'y © dAo is 

XH,{x,y) = my\)XH{x),Hix)Xpiy)) . (5.63) 
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Suppose 7 : [R — 7- M X R^"* is a non-constant periodic orbit of X^^, with ^{t + T) = j{t) for 
all i G R. We shall show that T > 1, so that Hjs is admissible. Write ^{t) = ['^x{t)-,"fy{t))- 
Then 

7, =/3(|7,|)Xh(7x), ^y = H{^,)Xp{^y). (5.64) 

Since |/3'| < 1 we see that if 73. is non-constant then T > 1. But if 7^,. is constant, say 
7x(i) = xq, then we must have H{xq) 7^ 0. Since /3' is non-zero only for \^y\ € (r — 1 — e,r) 
we necessarily have 

T > -J-^<r -l-ef> ^ni7T^(^ - 1 - (^-^^^ 

i7(a;o) chz{0,M) 

Thus as long as 

7r(r-l-e)2 >CHz(0,M), (5.66) 
i?^ is indeed admissible. Since clearly max Hjs = max H, we see that 

CHz(C X B{r),M X R^") > cnz{U,M) (5.67) 

provided that (j5.66p holds. Since e was arbitrary we obtain (j5.6ip . Moreover for any r > 
one always has 

e(0 X B{r),M x R^") < vrr^ (5.68) 



as can be checked directly. The remainder of the proof is an easy application of Theorem 15. 9| 
Theorem 15.111 and Corollary 11.251 Indeed, we have 

c{0 X B{ro) x S^) = \e{0 x B{ro),M x R^'")] 

< \cuz{0,M)] 

< \cuz{OxB{n),MxR^^)] 

{O x Bin)) 

= c{OxB{ri)xS^). (5.69) 

□ 

Here is an application of Proposition 15.121 which can be seen as a more quantitive (albeit 
weaker, and with more hypotheses) version of the infinitesimal result of [EKPOBj Theorem 
1.18]. 

Corollary 5.13. Suppose X is a closed connected oriented Riemannian manifold which admits 
a circle action x X ^ X such that the loop t ^ t ■ p is not contractible for some p ^ X. 
Then if O C T*X is any neighborhood of the zero section then the conclusion of Proposition 
[5AE holds. 



Proof. A result of Kei Irie |Irill| proves that in this setting the Hofer-Zehnder capacity of the 
unit disc bundle D*X C T*X is finite. Thus the same is true of any neighborhood O C T*X 
of the zero section, and hence the hypotheses of Proposition 15.121 are satisfied. □ 
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Appendix A. The 'compactly supported Reeb flow' 

In this Appendix we construct a 'compactly supported Reeb flow' whose support is contained 
in a tubular neighborhood of a non-contractible orbit, and explicitly compute the spectral 
value. This result has been alluded to in Remark 13.201 and also in the discussion before and 
after Proposition 15.81 

Theorem A.l. Suppose (S,^) satisfies either Assumption (B) or (C), and suppose 7 : 
S"^ ^ Tj is a closed non-contractible Reeh orbit. Then there exists pQ > (which under 
Assumption (B) additionally satisfies po < 1) and a tubular neighborhood N of ^ with the 
following significance: For all p £ R with \p\ < po, there exists an exact contactomorphism 
t?^ G Conto(S,^) with &{'dP) C with the property that if x £ (3(t?^) is a translated point 
with of 'dP then 

§P{x) = eP{x). (A.l) 

In other words, from the point of view of translated points, -d^ is 'the Reeb flow supported on 
7'. Moreover if N' C N is any tubular neighborhood of 'j then for \p\ sufficiently small we 
have e{'&P) C A^'. 

The spectral value c{'df) is given by 

.(r) = |«- (A^2) 

We will prove Theorem lA.il using Proposition IA.2I below, which deals with the special case 
S = X 51. 

Convention: In this appendix we equip R'^"'\{0} with polar coordinates (s, 0) where s € 
(0, 00) and (j) = {(pi, . . . , (j)2n-i) with (pj € [R/27rZ. In these coordinates we can have 

ao = ^s'^d(j)j + dr. (A. 3) 

j 

Thus r is 1-periodic but the are 27r-periodic! This is so that Cj^2m(i?(r)) = vrr^ and not 
2' • 

Proposition A.2. Denote by B{r) C [R^n gp^j^ ^q,// radius r about the origin. Then 
for any r > and any p £ R with \p\ < vrr^, there exists an exact contactomorphism '&f € 
Conto,c(K^" X 5*^ ^0) with &{'dP) C B{r) x with the property that if x G ©(i?^) is a translated 
point with of ■dP then 

§P{x) = eP{x). (A.4) 

The spectral value is given by 



0, < p < vrr^ 
-p, —nr'^ < p <0. 



Remark A. 3. Note that this result gives a direct proof of the fact that c{B(r) x S^) > 



irr 



2 



(cf. Theorem 15.9 



Before getting started on the proofs we need two preliminary results. The following lemma 
is proved for instance in |HM12| Lemma 5.2]. 
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Lemma A. 4. Suppose (S^'^^^, a) is any contact manifold and 7 : R/TZ T, is a closed orbit 
of the Reeh vector field R of a. Then there exists a tubular neighborhood N of j(R/T'l.) in S 
and and r > together with a chart 

X : B{r) X ^ N (A.6) 

with the following two properties: 

(1) x({0} X s^) = 7(K/rz), 

(2) x*a = ^s'^d(f)j + Kdr, where K : B{r) (0, 00) is a positive function satisfying 
Kr{0) = T and dKr{0) = (here Kr := K{-,t)). 

We will use the following simple corollary of this result. 

Corollary A. 5. Suppose is a periodic contact manifold and 7 : S*^ — )• S is a closed 

orbit of the Reeb vector field R of a. Then there exists a tubular neighborhood N of ^(S^) in 
Ti and r > 0, together with a chart 

X : B{r) X ^ N (A.7) 

such that x({0} x S"^) = 7(5"^), and 

Proof. It suffices to show that the periodic condition forces = 1 in Lemma IA.4I Let 
/3 := x*Q, so that /3 is a contact form on R^"" x S^. We wish to show that /? = qq. The Reeb 
vector field X of /3 is given by 

x= l^_ J ^-XK^, (A.9) 



as is easily checked, where Xk^. is the symplectic gradient of Kr with respect to ^sdsAdcpj. 
Thus denoting by 

Kr{s,(t>) - \s,4,){XKAS,(t>)) 

the Reeb flow 0^ of /3 is given by 

e'0{sA,r) = (^^^l^'''^''^^''\s,ct^),T + j'^F,{s,ct>)da^ , (A.ll) 

where (/^^ is the flow of In particular, if 9j^{s,(j),T) = {s,(j),T) for every point {s,(I),t) 

then examining the second coordinate we see that one must have 

[ F„{s,(t))da eZ for all (s, (/>) G 1R2". (A.12) 
Jo 

Since the function (s, (f>) 1-^ F(j{s, (f))da is continuous and for (s, (f>) = (0, 0) one has F(j{0) = 
1 for all a, it follows that we must have Fcr{s,(j))da = 1 for all {s,(f)). Now examining the 
first coordinate we see that = (s, 0) for all (s,i?i>), and hence Kr{s,(l)) = 1 for every 

is,cP,T). □ 

Observe that Theorem lA.ll is an immediate consequence of Corollary IA.5I and Proposition 
IA.2| where under Assumption (B) we require pQ < 1 = pvy(S,a) so as to ensure that Lemma 
l3.18l holds. It thus remains to show Proposition IA.2I 
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Proof of Proposition VA^ The Reeb vector field R of is just and the Reeb flow 0* is 
given by 

0*(s,0,r) = (s,(/<,r+5). (A.13) 

mod 1 

Fix p € IR such that < j/jj < 7rr^. Let / : [0, oo) x [0, oo) — > IR denote a smooth function with 
the following properties: 

(1) There exists e > such that /(s) = p for < s < e and f{s) = for r — e < s <r. 

(2) If p < then f'{s) > for ah s. If p > then f'{s) < for all s. 

(3) If p < then 27rs - f'{s) > for ah s > 0. If p < then 27rs + /'(s) < for ah s > 0. 
Note that such a function only exists because |p| < vrr^. Indeed, if p < then since 27rs — 
f'{s) > one has 

rr rr 

-p = I f'{s)ds< I 2Trsds = nr'^. (A.14) 
Jo Jo 

Conversely it is easy to see that when \p\ < vrr^ such functions really do exist. Now consider 
the contactomorphism i}f of R^" x whose contact Hamiltonian ht : R^" x is given by 

ht{sX,r) = f{r). (A.15) 

The contact vector field Xt of ht is defined by the equations 

a{Xt) = ht, ixtda = dht{R)a — dht- (A. 16) 

This gives 



We can integrate this to obtain 

<p, t) = (^s, 01 + ^t, Ct>2n-l + r + [j{s) - ^) , (A.18) 

and hence translated points of t^l are tuples (s, 0, r) with 

£ 2^Z, (A.19) 

s 

and the time-shift is given by 

V = m - (A.20) 

By assumption one never has f'(s)/2'irs G Z unless f'{s) = 0. In other words, translated 
points only occur when < s < e or when r — e < s < oo. In particular, the only translated 
points of that lie in the interior of the support of i)^ are the points in B{e) x S^. Since 
i}P = QP on B{e) x S^, this justifies our claim that 'from the point of view of translated points', 
is the Reeb flow. 

To complete the proof let us compute the spectral value of 'd^. Note that the contractihle 
action spectrum of A^p is just {0, — p}, and hence we certainly have c{'&P) G {0, — p}. For p < 0, 
one has /i^ < on the interior of its support and hence by Corollarv 13.161 one has c{'dP) > 0, 
which implies c{'d'') = —p. Next, Lemma [3.151 implies that for any p, c(??^) > since one can 
find a contactomorphism -0 G Conto,c(IR^" x S^,ao) such that ^p{B{r) x S^) fl {B{r) x S^) = 
(take -0 to be the lift of a translation of R^" which is suitably truncated). Thus for p > we 
must have c(??'') = 0. This completes the proof. □ 
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Remark A. 6. Fix r = 1 for convenience. Let us denote by J^p the set of functions satisfying 
(1), (2) and (3) from the proof of Proposition IA.2I Denote also by Tp the larger subset of 
functions that satisfy (1) and (2) but instead of (3) we impose the weaker criterion that 

Atts - f'{s) > for aU s G [0, 1]. (A.21) 

It follows from (IA.14h that J^p is empty if \p\ > vr and J^p is empty if \p\ > 27r. 

Suppose f ^ Tp for some —2tt < p < tt. Then the (non-trivial) translated points of 
the corresponding contactomorpliism Lpf come in two flavours: firstly there are the points in 
i?(e) X as before, but there are also now the points (s, C, t) where 2tts = f'{s). In this case 
the time-shift is /(s) — ^"^-j^- 

Now suppose we are given a path 

[0,37r/2] 9p^/pe-F_p, (A.22) 

with the property that there exists < po < such that fp G J-^p for < p < po- We know 
that c{(pfp) = p for < p < po, but for p > vr this is no longer the case as c{B{l) x S^) = vr. 
We also know that the function p i— )• c{ipfp) is continuous. From (jA.lOP and (|A.20p this implies 
that there must exist some point pi such that po < Pi < vr and a point s € [0, 1] such that 
fp-^{s) = 27rs and such that fp^{s) — = — pi. Here is a direct proof of that assertion. 

Proof. Consider the function I : [po,37r/2] — ?• [0, 1] defined by 

lip) := sup {s G [0, 1] I f'pis) > 27rs} . (A.23) 

Note that the function / is not necessarily continuous (it may have jump discontinuities). 
Define 

g(p):=fp{l{p))-^l{pf + p. (AM) 

The function g is also not necessarily continuous. However g is lower semicontinuous in the 
sense that if p* is a point of discontinuity of g (and hence of /) then 

lim g{p) < lim g{p). (A.25) 

pip* ptp* 

Indeed, the point is that if l~^ip*) ■= limp^p, /(p) and l^{p>t) := limp^p, /(p) then fp{s) < 2-ks 
for s G (/~(p*), /"'"(p*)), and hence 

ri+ip*) 

fp{s)ds < / 27rsds (A.26) 



lim g{p) < lim g{p). (A.27) 

pip* pip* 



which implies 
Next note that 

p = r f'pis)ds < f^'^ fp{s)ds + f 27Tsds = fp{l{p)) + p + vr - 7r/(p)2, (A.28) 
Jo Jo Jl(p) 

and thus for p > vr one has g[p) > 0. For p = pQ one has the strict inequality 

Po= f fpo(^)ds < [ ^""^ 27Tsds + / f'p^{s)ds = 7Tl{po)^ - fpMpo)), (A.29) 

-'0 Jo Jl{po) 

and hence g{po) < 0. Thus there exists pi G (po,vr) such that g{pi) = 0. □ 
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